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ABSTRACT OF THESIS 
EFFECTIVE MODULUS OF CRACKED BODIES : A FINITE ELEMENT ANALYSIS 
 
This thesis considers how cracks in an elastic body can alter the body’s elastic properties.  In the 
present study the elastic property of note is the elastic or young’s modulus.  It is desired to 
investigate to what extent the number and orientation of cracks can cause a reduction in the 
elastic modulus.  Because of the complex nature of the elastic fields resulting from multiple 
cracks interacting together in a finite geometry an analytical solution is not possible or 
considered.  Rather the Finite Element Method is used to determine the elastic response to a body 
with many cracks.  This provides a convenient mechanism to study the complex crack geometries 
and interactions that are currently analyzed.  The present study considers purely elastic 
deformation and uses Linear Elastic Fracture Mechanics (LEFM) where necessary.  The goal here 
is not to calculate the typical Stress Intensity Factors (SIF) of an elastic crack analysis but rather 
to predict how the presence of multiple interacting cracks of various sizes and configurations will 
possibly reduce the elastic modulus.  Previous research has produced limited definitive results on 
this topic and the present study attempts to provide some significant concrete data on the elastic 
modulus reduction if it occurs.   
KEYWORDS: Cracks, Finite Element Analysis, Fracture Mechanics, Elastic 
Modulus 
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Chapter 1 - Introduction 
Microcracks appear commonly in most brittle materials under service loading conditions. The 
appearance of cracks is an effective mechanism for a mechanical system under load to release 
elastic energy and to relax towards equilibrium. It is also true that the aging process in materials 
can lead to the emergence of microcracks which weakens a specimen [1]. Small cracks, probably 
the most common structural defects in solid materials, significantly affect stiffness and brittle 
strength [2]. The presence of microcracks doesn’t lead to complete failure of the system but they 
alter the elastic properties of the system [1].  The effective elastic moduli of a micro cracked solid 
are sensitive to the density and arrangement of cracks [2]. Hence, crack shielding and 
magnification effects come into play. When microcracks form, the material may become weaker 
and suffer a loss in stiffness, and as the loading continues the microcracks will coalescence to 
form a macrocrack which eventually leads to material failure [4]. The reliable prediction of the 
elastic modulus in a cracked solid requires: (a) using a geometrical model that accounts for the 
parameters of an actual microstructure of the cracked solid and (b) an accurate account of the 
crack interactions [2]. Predictions of the degraded material properties can also be used to model 
the effect of localized damage on the global material response, and possibly as a diagnostic tool 
to determine the extent of damage in existing structures [4]. 
Previous research has provided different effective medium theories which can be utilized for 
predicting modulus change resulting from multiple cracked bodies. They are the self-consistent 
method, the differential scheme, the Mori Tanaka method and the generalized self-consistent 
method. Wang and Fang [3] considers shielding and magnification effects on the effective 
modulus of bodies with multiple parallel microcracks [3]. Horii and Nemat-Nasser [5] considered 
microcracks in a linearly elastic brittle solid that are closed and also undergo frictional sliding. 
They developed a general method for estimating the overall instantaneous moduli based on the 
loading conditions. For example, when the cracks are all open and are randomly distributed the 
overall response is isotropic. On the other hand, when some cracks close and undergo frictional 
sliding the overall response becomes anisotropic and is dependent on the loading conditions and 
as well as the loading path. They utilized the self-consistent method to estimate the overall 
moduli [5]. The positional and orientational distribution of inclusions also effect the elastic 
properties of the system[1]. Gibiansky and Torquato [6] paper deal with finding bounds on the 
effective elastic moduli of cracked materials based on the effective conductivity of such media. 




independent of the shapes and spatial distribution of the cracks. They also tested the bounds 
against different approximations for the elastic moduli of cracked media [6].  
There are many materials of a brittle nature which are of interest in engineering. Rocks and 
human bones are two such materials. The presence of microcracks in rocks has a significant 
impact on the elastic properties. The characterization and determination of material behavior 
usually involve the determination of effective properties. Several theories have been developed to 
determine the effective properties of an elastic solid as a function of crack parameters [7]. 
However very little experimental work exists to support these theories. Two-dimensional 
experiments were conducted on artificially cracked aluminum plates and the results obtained were 
compared with some of the existing theories [7]. In the case of a random distribution of cracks, 
the results show a very good agreement with non-interacting approximations even when 
interactions may be significant. These results were then applied to the characterization of 
microcracks in a Charcoal granite matrix assuming a random distribution of penny-shaped cracks 
of radius l [7]. The elastic properties of the matrix material were obtained from the measurement 
of linear strain and hydrostatic pressure. The matrix young’s modulus of about 84 GPa was 
reduced to about 50 GPa due to crack density (defined as the sum of l3 divided by the total 
volume of the rock) which was a 39% decrease [7]. In human cortical bone microcrack 
accumulation leads to skeletal fragility and stress fractures. These cracks also affect the 
mechanical properties of the bone [27]. Animals and postmortem human studies show that 
microdamage (cracks and tissue damage smaller than 1mm in size [27]) accumulation in bone 
reduces the elastic modulus, decreases bone strength, and increases energy dissipation when a 
bone is loaded[29]. Decreased strength and stiffness are likely to increase fracture risk but the 
extent to which microdamage accumulation may increase the risk of fracture is unclear [8].  
 
1.1 – Goals and Objective 
One of the mechanics related issues in human bones which has been identified with respect to 
micro crack damage is the loss in stiffness. Different theories have been put forth using fracture 
mechanics to determine the effect of crack presence on elastic properties such as elastic modulus.  
However, validation of these results in a deterministic way has not been forthcoming.  The 
present analysis seeks to provide this deterministic evaluation of the crack presence’s effect on 
the elastic modulus.  In particular, the effect of crack size, crack orientation and crack number on 
the elastic modulus is investigated. The Finite Element Method is used to explicitly determine the 
elastic modulus reduction caused by the presence of cracks in a representative volume element.  
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Single cracks of various lengths and orientations are examined as well as cases of multiple cracks.  
Cracks in tension as well as under shear stress are considered.  Although the focus is 
predominantly two-dimensional some three-dimensional results are also presented.  The results 
obtained show the explicit reduction in modulus caused by the parameters of crack size, 
orientation, and number noted above. 
1.2 – Thesis Outline 
In the following, research related to developing the idea for the thesis are discussed. Then a 
discussion of the background of the different terminologies and theories used such as effective 
modulus, fracture mechanics, and the finite element analysis utilized in developing this thesis are 
presented. Then parameters related to the modeling for the numerical analysis such as body size, 
mesh size, boundary conditions, and validations are reviewed. Chapter Four presents the 





















CHAPTER 2 – BACKGROUND 
The motivation for this work derived from the presence of microcracks in osteoporotic patients. 
These cracks may affect the stiffness of bones. As explained previously, various past research has 
dealt with predicting the elastic modulus of micro cracked bodies in which analytical analysis was 
used for predicting the elastic modulus. However, determining the elastic modulus in a 
deterministic way is complicated using these methods. Presently, the Finite Element Analysis is 
used for modeling the cracked body. Here the size, orientation, and crack numbers can be 
precisely controlled. In preparation for understanding the analysis conducted, a more detailed 
explanation of bones, fracture mechanics and finite element analysis is provided.   
2.1 - Bones 
Bone is a complex tissue that undergoes continuous biological remodeling. Bone remodeling 
involves the removal of mineralized bone by osteoclasts followed by the formation of bone 
matrix through the osteoblasts that subsequently become mineralized [33]. Cortical and trabecular 
bone are the two main bone tissues which are tasked with withstanding substantial stress during 
locomotion and strenuous activities [24]. Bone tissue is non-homogenous, porous, and 
anisotropic. Trabecular bones have 50-95% porosity and are found in cuboidal bones, flat bones, 
and the ends of long bones. Trabecular bones consist of interconnected pores filled with marrow. 
The bone matrix has trabeculae arrangement (plates and struts) with thicknesses of 200. 
Trabecular bone is also known as cancellous bone. Cortical or compact bone has 5-10% porosity. 
Cortical bone is made of cylindrical structures known as osteons or Haversian systems with 
diameters in 200 µm range which are formed by cylindrical lamellae surrounding the Haversian 
canal. Cement line is the boundary between osteon and the surrounding bone. Cortical bones 
normally occur in long bone shafts and also forms the external shell around trabecular bones in 




Fig 2.1 Cortical and Trabecular Bone Microarchitecture 
Bones undergo both static and cyclic loading and experience fatigue and creep responses. One of 
the major stimuli for bone remodeling is damage repair from habitual cyclic loading [24]. 
Microcracks are formed in bones during normal loading conditions (mostly cyclic). The 
microcrack repair is part of the bone remodeling process.  The change in bones occur because of 
mechanical, hormonal and physiological patterns examples include the bones growth and 
remodeling occurring during childhood (external remodeling), bone self-repair because of 
fracture (fracture healing) and finally internal remodeling which is a lifelong process. Examples 
of the internal surface of a bone matrix remodeling include trabecular surfaces of cancellous 
bones and haversian systems of cortical bones. Bone removal and addition is carried out by bone 
cells present on these surfaces. These cells are osteoblasts, osteoclasts, bone lining cells and 
osteocytes. Osteoblasts build bones and they are created in the periosteum layer or stromal tissue 
of bone marrow. Osteoclasts are created in the bone marrow; they demineralize bones with acid 
and then dissolves the collagen with enzymes. Inactive osteoblasts that remain on the surface 
when bone formation stops are known as bone lining cells and they are reactivated in response to 
chemical and/or mechanical stimuli. Osteocytes are inactive osteoblasts that are buried in the 
bone matrix and also are known as osteocytes [25] 
In older populations, when the bone loss and gain balance is impeded, it leads to critical clinical 
problems. One such issue is osteoporosis related fractures, with spine, hip and wrist being the 
main affected locations [24]. As per World Health Organization, Osteoporosis is defined as a 
bone mass 2.5 standard deviations (SD) below the mean for bone mineral density in young adults 
[27]. Bisphosphonates drugs are used to treat osteoporosis in order to reduce the loss in bone 
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density. They act as inhibitors to the dissolution of bone tissue by osteoclasts by stimulating 
osteoclasts to undergo apotheosis. Bone remodeling is a cyclic process in which, when 
microcracks are developed, the osteoclasts eat away the damaged bone tissues and the osteoblasts 
builds new bone tissues in its place. However due to bisphosphonate drugs the process is impeded 
or progresses at a slow rate. Thus, the microcracks developed are not healing at the normal rate. 
This increase in microcrack density may affect the bone mechanical properties which is the topic 
for the present study. 
2.2 - Fracture Mechanics 
Fracture mechanics is the analysis of bodies containing cracks. One of the many objectives of 
fracture mechanics is to determine the remaining life of components which contain cracks and the 
effects of crack growth. The tip of a crack is a region of high stress and the loading on a cracked 
body causes inelastic deformation and nonlinear effects near crack tip (except for brittle bodies) 
[9]. The driving forces in fracture mechanics are the crack tip, stress fields, characterized by the 
stress intensity factors and the energy stored near the crack tip. The resistance of a material to 
fracture is expressed in terms of fracture toughness. Criteria for fracture can be understood as a 
balance of the crack tip stresses versus the material’s fracture resistance, or toughness [14]  
When considering fracture one of the two types of analysis may be conducted. The first is Linear 
Elastic Fracture Mechanics (LEFM). Here Linear theory is used to determine stress distributions 
in the cracked body. LEFM is used when inelastic deformation and nonlinear effects near crack 
tip are small considered to crack size and other characteristic length of body [9]. 
The other is Elastic Plastic Fracture Mechanics (EPFM). Here the crack tip region which has 
areas of inelasticity in the form of plasticity, creep, or phase change is not ignored [9]. 
Ductile fracture  
Ductile fracture is associated with large plastic deformation and the creation of micro voids near 
the crack tip. This plastic deformation occurs due to micro mechanisms such as microcrack 
nucleation, dislocations, twin formations, etc. The cracks grow due to the coalescence of micro 
voids which are formed as a result of dislocation motion [11]. Elastic-Plastic Fracture Mechanics 
(EPFM) is associated with ductile fracture. 
Brittle fracture 
Brittle fracture doesn’t involve a significant amount of plastic deformation.  It is also sometimes 
associated with high strain rates and low temperatures. The process involves plastic deformation 
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concentrations along slip planes, microcrack nucleation due to shear stress along dislocations, and 
crack propagation to fracture. Brittle fracture in crystalline materials is classified into two types- 
intergranular and transgranular. Intergranular cracks grow along grain boundaries. Transgranular 
cracks propagate within grains. Linear Elastic Fracture Mechanics (LEFM) is associated with 
brittle fracture [12],[11] 
In the present research brittle fracture is considered and  LEFM principles will be utilized. The 
next section will review the important aspects of LEFM theory. 
 
 
Fig 2.2 Fracture modes 
 
There are three modes of fracture in LEFM analysis. These are mode I opening, mode II shearing 
and mode III tearing. In LEFM analysis the stress field in the near vicinity of the crack tip is 
governed by the elastic crack tip fields. The quantity of interest is then the Stress Intensity Factor 
(SIF). The SIF is the coefficient at the stress singularity in the crack tip region. There are three 
stress intensity factors 𝐾𝐼, 𝐾𝐼𝐼 and 𝐾𝐼𝐼𝐼 based on the three modes of fracture noted above. 
1. Opening mode I 
The crack surfaces separate symmetrically with respect to the planes XY and XZ(Figure 2.1). The 
mode I stress intensity factor KI is the significant quantity in the crack tip stress field. 
The stress near the crack tip for Mode I crack loading are given as 









































Where these stresses are depicted in Figure 2.2. 
 
Fig 2.2 Stresses near crack tip in an elastic body[13] 
2. Sliding mode II 
The crack surfaces slide relative to each other symmetrically with respect to the plane XY and 
anti-symmetrically with respect to the plane XZ. The mode II stress intensity factor is KII. The 
crack tip stresses field for Mode II loading is as follows 







































3. Tearing mode III 
In this situation the crack surfaces slide relative to each other anti-symmetrically with respect to 
both planes XY and XZ space [1]. The mode III crack tip stress field is given as [9], [13]. 
 

















Three Dimensional Cracks 
 
 
          Fig 2.3 Penny Shaped Crack embedded in a solid subjected to remote tensile load[14] 
 
Three dimensional cracks are more complicated than their two-dimensional counterparts. In this 
case the crack front has a curved shape. In three-dimensional fracture analysis all three modes of 
fracture may occur simultaneously at every point along the crack front. 
 
Multiple Crack Interactions 
The presence of a small crack in a brittle material has a very minor impact on the effective 
modulus but it reduces the tensile strength [28]. However, when multiple cracks or large cracks 
are present it can affect the elastic modulus. When multiple cracks are considered two of the 








Fig 2.5 Stress Magnification from collinear cracks (a) and Stress Shielding from parallel 
cracks(b) 
 
The stress intensity factor can magnify or diminish based on the relative orientation of the 
neighboring cracks. In the case of coplanar cracks in a plate, as illustrated in Figure 2.5(a) when 
the ligament area between the cracks shrinks the area through which the force must be transmitted 
also decreases. As a result, the SIF is magnified when the cracks approach each other. 
Alternatively In the case of parallel cracks, when the gap between cracks reduces a shielding 
effect occurs [13]. Figure 2.5(b) illustrates how the SIF can be reduced as one cracks shields the 
other from the applied loading. 
 
Research based on doubly periodic arrays of cracks have shown that stacked interactions has a 
major influence on the magnitude of the pseudo-traction which acts on the crack faces and hence 
on the overall moduli of the cracked body [30]. If a multiple crack arrangement is such that every 
crack is subjected to the strongest shielding effect from the remaining cracks, the crack 
interactions will cause the least reduction in the overall moduli of the body. On the other hand, if 
the cracks arrangement subjects every crack to the strongest magnification effect from the 
remaining cracks, the crack interactions will cause the most reduction in the overall moduli of the 
body [3]. From the analysis it was found that under unidirectional tension perpendicular to the 
cracks, the cracks in the doubly periodic rectangular array as in Figure2.5(a) experiences the 
strongest shielding effect and cracks in the diamond-shaped array shown in Figure 2.5b 
experience the strongest magnification effect [3]. Conversely, under in-plane shear, the cracks in 
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the former experiences the strongest magnification effect, and those in the latter experiences the 
strongest shielding effect.  
    
Fig 2.6 (a) Doubly periodic arrangement and (b) a diamond arrangement [3] 
 
The effect of stress magnification and shielding when multiple cracks are involved is of great 
importance in analyzing bodies containing multiple nearby microcracks. Only when the micro 
cracks are sufficiently spaced apart is the effect of crack shielding and magnification negligible. 
Analysis, Experiments and FEA for analyzing the shielding and magnification effects based on 
the positioning of the cracks has been conducted in [31]. Their research considered single and 
multiple cracks under tensile loading and their findings are noted below.    
The conclusions from their research are if two parallel cracks are close and share the same 
perpendicular bisector the shielding effects come into play and the stress field is weakened. If the 
parallel cracks are close and deviated then the SIF is enhanced, and stress field is strengthened. 
When the cracks are placed far apart then they have no effect on each other. A study of a smaller 
crack interacting with a larger parallel crack has also been done [32]. It was found that if the 
cracks are closely placed the short crack has very little effect on the larger crack because the short 
crack was completely shielded by the larger crack. As the distance between the cracks increases, 
the shielding effect on the larger crack increases since the tensile stress has to bypass the smaller 
crack to act on the larger crack. Thus, the low stress region on the larger crack increases. As the 
distance between the cracks increases the effect of the smaller crack on the larger crack 
diminishes. Additionally, they considered two cracks of equal length. It was found that the cracks 
exhibit a shielding effect when they are close to each other and the effect wanes when the 
distance between the cracks increases.  In the case of oblique cracks (non-parallel) as seen in 
Figure 2.9, the tensile stress of the crack tip closer to the oblique crack tip is higher which is 
evident from the shape of the stress patterns. 
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Fig 2.7 Tensile Stress Distributions for double parallel cracks with different spacings [32] 
 
 
Fig 2.8 Tensile Stress Distributions for double oblique cracks [32] 
 
2.3 – Finite Element Analysis 
 
The basis of FEA relies on the decomposition of a domain (a continuum with a known 
boundary) into a finite number of subdomains (elements) for which the systematic approximate 
solution is constructed by applying a variational or weighted residual method. In effect FEA 
reduces the problem to that of a finite number of unknowns by dividing the domain into 
elements and by expressing the unknown field variable in terms of the assumed approximating 
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functions within each element. These functions (also called interpolation functions) are defined 
in terms of the values of the field variables at specific points, referred to as nodes. Nodes are 
usually located along the element boundaries, and they connect adjacent elements [23]. We are 
using Ansys FEA software for our research [ ]. Ansys has different element types depending on 
the analysis used. The element types used for this research are given below. 
  
 
ANSYS ELEMENT TYPES: 
PLANE 183 
For modeling a two 2D body we will be using the Plane 183 element [16]. It is an 8 node or 6 
node higher order 2D element. It has a quadratic displacement behavior and is suitable for 
modeling irregular meshes. The element supports elastic, plastic, hyper elastic, creep, stress 
stiffening, large deflection, and large strain capabilities. It can be used for modeling plane 
elements or axisymmetric elements.  
 
Fig 2.9 Plane 183 element[16] 
For modeling the 3D body, we will be using two types of Finite Element elements. They are Solid 
186 and Solid 187 elements.  
SOLID 186 
Solid 186 [17] is a 20-node higher-order 3-D element that exhibits quadratic displacement. The 
element provides three degrees of freedom per node (translations in the nodal x, y, and z 
directions). The element supports the same material behavior as Plane 183 above. It also has a 
mixed formulation capability for simulating deformations of nearly incompressible elastoplastic 
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materials and fully incompressible hyper elastic materials. It is well suited for modeling irregular 
meshes. 
 




Solid 187 [18] is a 10-node higher order 3-D, element, that exhibits quadratic displacement 
behavior and suited for modeling irregular meshes. The element provides three degrees of 
freedom at each node (translations in the nodal x, y, and z directions). The element supports 
material behavior as noted above as well as large strain capabilities. It also has mixed formulation 
capability for simulating deformations of nearly incompressible elastoplastic materials and fully 
incompressible hyper elastic materials. 
 





Modeling the Crack-Tip Region 
The fields of stress and deformation around a crack tip have high stress and strain gradients. 
These fields depend on the material properties, body geometry and other factors. A refined mesh 
is required around the crack tip to capture the rapidly varying stress and deformation fields. For 
linear elastic problems the displacements near the crack tip (or crack front) in three dimensions 
vary as √r, where r is the distance from the crack tip. The stresses and strains are singular at the 
crack tip, varying as 1/√r. The crack tip mesh characteristics needed to produce stress and strain 
singularities are: 
• The crack faces should be coincident. 
• The elements around the crack tip (or crack front) should be quadratic, with the mid-side nodes 
placed at the quarter points. (Such elements are called singular elements.) 
 
Fig 2.12 Crack tip 2D and 3D elements[15] 
Ansys uses a domain integral method to calculate the J-integral and then an interaction integral to 
extract the stress intensity factors (SIFs) from the J-integral results (single mode and mixed 
mode). The domain integral approach calculates the J-integral at radial contours from crack tip. 
The J -integral is path independent and the results should converge within a few contours[15] 
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CHAPTER 3 – MODELING 
Human Bone is a complicated material and trying to model the properties of bone is complex. For 
our particular research it’s not necessary since here the goal is to evaluate only the effects of 
cracks on the material properties such as modulus. For this analysis we are assuming a linear 
elastic isotropic and homogenous material. The assumptions used for Linear Elastic Model are 
• Small strains are only used in the material.  
• Stress is linearly proportional to strain. 
• Only elastic deformation occurs such that the loading path and unloading path is the 
same. 
• Deformation is independent of rate of strain rate [26]. 
The present analysis evaluates the effective modulus of a cracked body. Two types of modulus of 
the cracked body considered presently are the young’s modulus and shear nodulus. 
The effective modulus for both 2D and 3D bodies will be determined. The upcoming section 
deals with modeling of cracks in 2D and 3D bodies using Ansys. 
3.1 – 2D Model  
Ansys doesn’t provide an inbuilt 2D crack model. So, we have to create the cracked model using 
Ansys mesh connection tool and then define the crack tip. The 2D models are based on plane 
strain conditions. Plane Strain is a state of strain in which the strain normal to the x-y plane εz 
and the shear strains γxz and γyz are assumed to be zero [23]. The 2D FEA model is a square of 
size 1mm X 1mm. The interest here is in linear elastic behavior so any linear elastic material can 
be used (here we are using the default Ansys material which is Structural Steel). The boundary 








2D Tensile Boundary Conditions: 
 
Fig 3.1 2D Body tensile loading boundary conditions 
A – Fixed Support 
B – Displacement (X = Free, Y = 0m) 
C – Displacement 2 (X = 0m, Y = 1x10^ - 6m) 
2D Shear Boundary Conditions:  
 
Fig 3.2 2D Body shear loading boundary conditions 
A – Fixed Support 
B – Displacment (X = Free, Y= 0m) 
C – Displacement 2 (X = Free, Y= 0m) 




Since we are using Ansys to analyze the effects of cracks in an elastic solid a first step is to verify 
the numerical analysis against known solutions. For validating the 2D tensile model the boundary 
conditions noted in the previous page for tensile loading are used. Here a single change is made 
where instead of the Displacement 2 condition we are using a Force loading of 1000N (positive y-
axis) on the same face. The mesh size is .025mm and the element Type is Plane 183. The table 
below gives the calculated mode I SIF versus the theoretical results [19]. 
Two Collinear Cracks of Equal length: 
 
Fig 3.3 Two Collinear Cracks(tensile loading) 
𝐾𝐼 = 𝐹𝐼𝜎√𝜋𝑎 (𝐹𝐼 = 𝐹𝐼,𝐴  𝑜𝑟 𝐹𝐼.𝐵) 
 




Ansys Results (MPa√mm) 
2a/d KI,A KI,B KI,A KI,B KI,B KI,A 
0.1 280.586 280.619 281.27 281.26 281.32 281.21 
0.2 281.544 281.836 282.31 282.5 282.52 282.26 
0.3 283.0996 284.125 283.77 284.93 284.84 283.82 
0.4 285.258 287.864 285.83 288.68 288.52 285.96 
0.5 288.0095 293.616 288.82 294.32 294.29 288.78 




Three Collinear Cracks of Equal length: 
 
Fig 3.4 Three Collinear Cracks(tensile loading) 
𝐾𝐼 = 𝐹𝐼𝜎√𝜋𝑎 (𝐹𝐼 = 𝐹𝐼,𝐴 𝑜𝑟 𝐹𝐼.𝐵𝑜𝑟𝐹𝐼,𝐶) 
Table 3.2 Model Verification (3 collinear Cracks) 
Size Theoretical (MPa√mm) Ansys Results (MPa√mm) 
2a/d KI,A KI,B KI,C KI,A KI,B KI,C KI,C KI,B KI,A 
0.2 281.89 282.22 283.14 283 283.38 284.1 284.39 283.24 283.13 
0.3 283.88 285.04 287 284.91 286.39 288 288.42 286.1 285.05 
0.4 286.69 289.65 292.94 287.91 290.83 294.2 294.12 290.87 287.84 
0.5 290.43 296.82 301.73 291.63 297.97 302.8 302.82 298.01 291.61 
0.6 295.34 308.04 314.77 296.51 309.13 315.71 315.67 309.17 296.51 
0.7 301.9 326.37 335.06 303.14 327.16 335.72 335.71 327.18 303.13 
0.8 311.17 359.7 370.31 312.06 359.13 369.59 369.49 359.21 312.05 










Two parallel cracks of equal length: 
 
Fig 3.5 Two Parallel Cracks(tensile loading) 
𝐾𝐼 = 𝐹𝐼𝜎√𝜋𝑎 (𝐹𝐼 = 𝐹𝐼,𝐴) 
 




Ansys Results (MPa√mm) 
2a/d KI KI KI KI KI 
0.2 276.186 276.77 276.74 277.53 277.62 
0.4 266.461 267.2 267.3 267.59 267.63 
0.6 254.719 255.87 255.72 256.07 256.11 
0.8 244.574 245.62 245.62 245.47 245.38 
1 233.1396 237.49 237.73 237.33 237.6 
1.25 225.237 230.19 230.24 230.32 230.44 
 
From Tables 3.1, 3.2 and 3.3 we see that the hand calculation results are matching with 







For validating 2D Shear Loading using the shear boundary conditions  
 
Fig 3.6 2D body shear loading validation 
Shear Force, V = 76.923N 
Area, A = 1x10-6 mm 
Height, h = 1x10-3 mm 
Deflection, δ = 1x10-6 mm 
V/A = G(δ/h) 
Shear Modulus, G = Vh/A δ = 76.923N X 1x10-3 / 1x10-6 X 0.001x10-3 = 7.6923x1010 Pa 
Which is the shear modulus of Structural Steel. Thus, the shear loading model of cracked 2D 
model is also verified. 
 










a KII KII 
0.025 21.58 21.51 
0.05 30.53 30.37 
0.075 37.45 37.08 
0.1 43.1 42.74 
0.125 48.44 47.44 
0.15 53.03 51.61 
 
From table 3.4 we see that hand calculations are matching with the Ansys results thus Shear 
loading model of cracked 2D model is verified. 
3.2 – 3D Model 
For the 3D model we will be analyzing a test model of size = 1mm X 1mm X 1mm. Ansys 
preprocessor has in built premeshed semi-elliptical crack. So we are using a half 3D model of size 
is 1mm X 1mm X 0.5mm taking advantage of the symmetry condition. Here also the experiment 
is linear elastic and thus Structural Steel is used as material. Ansys uses contour integration for 
calculating for Stress Intensity Factor and in order to avoid the stress singularity at crack tip, it 
uses a quarter element. The boundary conditions used in Tensile and Shear cases are explained 
below. The mesh size is 0.025mm and element types are SOLID 186 and 187. 





Fig 3.8 3D body tensile boundary conditions 
 
A - Fixed Support 
B - Displacement (X= Free, Y = 0m) 
C - Displacement (X = Free, Y = 1x10^ - 6m) 
D - Frictionless Support 
 
Table 3.5 Model Verification (Central crack Tensile Loading) 
Size(m) Theoretical (Pa√m) 
Ansys Results 
(Pa√m) 
a KI KI 
2.40E-05 1129320.632 1107834.272 
3.40E-05 1336339.148 1320331.33 
4.40E-05 1515483.71 1506451.814 
5.40E-05 1675802.402 1675132.16 
6.40E-05 1822362.846 1857298.306 
7.40E-05 1958353.46 1999790.299 
 
From table 3.5 we see that hand calculations are in range with the Ansys results thus Tensile 








3D Shear Loading Conditions:  
 
 
Fig 3.9 3D body shear boundary conditions 
A – Displacement (X = 0m, Y = 0m) 
B - Displacement 2 (X = 1x10^ - 6m, Y = Free) 
C - Frictionless Support  
D - Displacement 3 (X = Free, Y = 0m) 







Table 3.6 Model Verification (Central Crack Shear Loading) 
Size(m) Theoretical (Pa√m) 
Ansys Results 
(Pa√m) 
a KII KII 
2.40E-05 434023.5166 498868.5466 
3.40E-05 513612.2465 590345.1321 
4.40E-05 582520.7424 664658.7847 
5.40E-05 644241.4832 738277.3139 
6.40E-05 700738.5687 797202.9967 
7.40E-05 753255.5739 859456.0963 
 
From table 3.6 we see that hand calculations are not in range with the Ansys results thus Shear 











CHAPTER 4 – NUMERICAL SIMULATION 
4.1 Tensile Loading (2D) 
In 2D tensile loading analysis, we will be utilizing the boundary conditions as shown in 
Fig 3.1. Different types of crack arrangements will be utilized. The result obtained from 
the Ansys analysis is reaction force of displacement C in Fig 3.1. From reaction force we 
can calculate the stress by using Stress formula. We have Stress, S = Force/Area. 
From Table 4.1 first row we have  
Force = 219.78 N 
Area = 1mm X 1mm = 1 e-6 m2 
Stress = 219.78/1 e-6 = 2.1978 e8 Nm2 
Strain = 0.001 
Effective modulus = Stress/Strain = 2.1978 e8 / 0.001 = 2.1978 e11 Nm2 
Stiffness Ratio = Effective Modulus of cracked body/ Stiffness ratio(no crack) 
First, we can evaluate the Model with no cracks. It will serve as the base model for the 
analysis. The boundary conditions used in the tensile analysis is the same as shown in 
Figure 3.1. The reaction force obtained from this analysis on the top face where the load 











1. Single Crack 
It is the most basic crack model. This model is used as the comparison tool for all the other crack 
models. For the single crack model, a slit crack is created in the center of the body. The crack size 
is increased from 0.05mm to 0.95mm in increments of 0.05mm. For each case the reaction force 
is determined. The tabulated data of each increasing crack size is shown in Table 4.1.  










0 219.78 219780000 0.001 2.1978E+11 1 
0.05 219.06 219060000 0.001 2.1906E+11 0.996723997 
0.1 216.66 216660000 0.001 2.1666E+11 0.985803986 
0.15 212.63 212630000 0.001 2.1263E+11 0.967467467 
0.2 207.11 207110000 0.001 2.0711E+11 0.942351442 
0.25 200.26 200260000 0.001 2.0026E+11 0.911183911 
0.3 192.23 192230000 0.001 1.9223E+11 0.874647375 
0.35 183.23 183230000 0.001 1.8323E+11 0.833697334 
0.4 173.43 173430000 0.001 1.7343E+11 0.789107289 
0.45 162.98 162980000 0.001 1.6298E+11 0.741559742 
0.5 152.04 152040000 0.001 1.5204E+11 0.691782692 
0.55 140.72 140720000 0.001 1.4072E+11 0.64027664 
0.6 129.15 129150000 0.001 1.2915E+11 0.587633088 
0.65 117.39 117390000 0.001 1.1739E+11 0.534125034 
0.7 105.51 105510000 0.001 1.0551E+11 0.48007098 
0.75 93.554 93554000 0.001 93554000000 0.425671126 
0.8 81.502 81502000 0.001 81502000000 0.370834471 
0.85 69.277 69277000 0.001 69277000000 0.315210665 
0.9 56.629 56629000 0.001 56629000000 0.257662208 
0.95 42.73 42730000 0.001 42730000000 0.194421694 
 
From the stress distribution diagram we can see that the area of low stress (blue region) is present 
along the crack face and the crack tips are areas of high stress (red region). 
 
     
Fig 4.1 Single Crack(2D) Tensile Stress Distribution 
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2. Parallel Cracks 
The parallel crack model helps in determining how the multiple deterioration in the body in the 
same path of force affects the stiffness.  For the parallel cracks case, two parallel slit cracks are 
modeled. They are spaced at 0.5mm from one another. The starting sizes of these cracks are also 
0.05mm and they are increased in increments of 0.05mm. For each case the reaction force is 
determined. The tabulated data of each increasing crack size is shown in Table 4.2.  










0 219.78 219780000 0.001 2.1978E+11 1 
0.05 218.35 218350000 0.001 2.1835E+11 0.993493493 
0.1 213.74 213740000 0.001 2.1374E+11 0.972517973 
0.15 206.49 206490000 0.001 2.0649E+11 0.93953044 
0.2 197.36 197360000 0.001 1.9736E+11 0.897988898 
0.25 187.04 187040000 0.001 1.8704E+11 0.851032851 
0.3 176.07 176070000 0.001 1.7607E+11 0.801119301 
0.35 164.8 164800000 0.001 1.648E+11 0.74984075 
0.4 153.42 153420000 0.001 1.5342E+11 0.698061698 
0.45 142.04 142040000 0.001 1.4204E+11 0.646282646 
0.5 130.69 130690000 0.001 1.3069E+11 0.594640095 
0.55 119.37 119370000 0.001 1.1937E+11 0.543134043 
0.6 108.06 108060000 0.001 1.0806E+11 0.491673492 
0.65 96.73 96730000 0.001 96730000000 0.44012194 
0.7 85.37 85370000 0.001 85370000000 0.388433888 
0.75 73.979 73979000 0.001 73979000000 0.336604787 
0.8 62.562 62562000 0.001 62562000000 0.284657385 
0.85 51.149 51149000 0.001 51149000000 0.232728183 
0.9 39.724 39724000 0.001 39724000000 0.180744381 
0.95 27.942 27942000 0.001 27942000000 0.127136227 
 
As the size of crack increases the cracks fall into area of low stress of each other and thus the 
stress generated is reduced. 
    




3. Collinear Cracks –In this model force transmission area is reduced and it helps in 
analyzing how reduction in force transmission area affects the stiffness.  For the collinear 
cracks case, two collinear slit cracks of size 0.05mm are modeled. Then they are 
increased in increments of 0.05mm.  










0 219.78 219780000 0.001 2.1978E+11 1 
0.1 218.34 218340000 0.001 2.1834E+11 0.993447993 
0.2 213.52 213520000 0.001 2.1352E+11 0.971516972 
0.3 205.43 205430000 0.001 2.0543E+11 0.934707435 
0.4 194.26 194260000 0.001 1.9426E+11 0.883883884 
0.5 180.26 180260000 0.001 1.8026E+11 0.82018382 
0.6 163.71 163710000 0.001 1.6371E+11 0.744881245 
0.7 144.42 144420000 0.001 1.4442E+11 0.657111657 
0.8 122.67 122670000 0.001 1.2267E+11 0.558149058 
0.9 96.474 96474000 0.001 96474000000 0.438957139 
 
 The spacing between the cracks are varied to make sure they have equal area of material between 
them when the crack sizes increase. As the size of cracks increase an area of high stress is created 
in the region of adjoining crack tips (center area) 
     







4. Doubly Periodic Array of Cracks – This arrangement is used for analyzing the effect of 
cracks when multiple cracks affects the force acting area  and there effects on adjoining 
cracks. In this crack arrangement 5X4 array of collinear cracks of 0.05mm size are used 
and is increased in increments of 0. 05mm.  







Strain E (N/m^2) 
 Stiffness Ratio 
(Ec/Enc) 
0 219.78 219780000 0.001 2.1978E+11 1 
1 206.21 206210000 0.001 2.0621E+11 0.938256438 
2 169.97 169970000 0.001 1.6997E+11 0.773364273 
3 126.34 126340000 0.001 1.2634E+11 0.574847575 
4 81.711 81711000 0.001 81711000000 0.371785422 
 
The cracks are all equally spaced from each other. As the size of the cracks increases a 
continuous area of low stress is generated along the crack faces. 
     










5. Diamond shaped array of cracks – This arrangement helps in evaluating how alternate 
positioning of cracks in multiple levels in the body affects force transmission area. 
Initially a 0.05mm size cracks is used and then incremented in sizes of 0.05mm.. 








Strain E (N/m^2) 
Stiffness Ratio 
(Ec/Enc) 
0 219.78 219780000 0.001 2.1978E+11 1 
0.9 207.39 207390000 0.001 2.0739E+11 0.943625444 
1.8 172.84 172840000 0.001 1.7284E+11 0.786422786 
2.7 130.05 130050000 0.001 1.3005E+11 0.591728092 
3.6 86.871 86871000 0.001 86871000000 0.395263445 
 
As the crack sizes increases the stress magnification effects also increases. In this arrangement 
pocket areas of low stress are generated 
     











6. Inclined Cracks – This arrangement is useful in evaluating stiffness change when the 
defect is inclined to the load acting direction. In this an inclined crack 0.05mm along 
45deg axis is modeled. Then it is increased in increments of 0.05mm.  







Strain E (N/m^2) 
Stiffness Ratio 
(Ec/Enc) 
0 219.78 219780000 0.001 2.1978E+11 1 
0.05 219.44 219440000 0.001 2.1944E+11 0.998452998 
0.1 218.25 218250000 0.001 2.1825E+11 0.993038493 
0.15 216.2 216200000 0.001 2.162E+11 0.983710984 
0.2 213.32 213320000 0.001 2.1332E+11 0.970606971 
0.25 209.63 209630000 0.001 2.0963E+11 0.953817454 
0.3 205.15 205150000 0.001 2.0515E+11 0.933433433 
0.35 199.94 199940000 0.001 1.9994E+11 0.90972791 
0.4 194.04 194040000 0.001 1.9404E+11 0.882882883 
0.45 187.52 187520000 0.001 1.8752E+11 0.853216853 
0.5 180.44 180440000 0.001 1.8044E+11 0.821002821 
0.55 172.89 172890000 0.001 1.7289E+11 0.786650287 
0.6 164.95 164950000 0.001 1.6495E+11 0.750523251 
0.65 156.7 156700000 0.001 1.567E+11 0.712985713 
0.7 148.23 148230000 0.001 1.4823E+11 0.674447174 
0.75 139.65 139650000 0.001 1.3965E+11 0.635408135 
0.8 130.93 130930000 0.001 1.3093E+11 0.595732096 
0.85 122.32 122320000 0.001 1.2232E+11 0.556556557 
0.9 113.61 113610000 0.001 1.1361E+11 0.516926017 
0.95 104.97 104970000 0.001 1.0497E+11 0.477613978 
 
 
As the crack size increases there is a continuous area of low stress which develops in the body 
     




7. Inclined Collinear Cracks –  
. This arrangement helps in evaluating interactions in inclined defects. Two collinear cracks of 
size 0.05mm each along diagonal are created and increased in increments of 0. 05mm.  







Strain E (N/m^2) 
Stiffness Ratio 
(Ec/Enc) 
0 219.78 219780000 0.001 2.1978E+11 1 
0.1 219.09 219090000 0.001 2.1909E+11 0.996860497 
0.2 216.72 216720000 0.001 2.1672E+11 0.986076986 
0.3 212.67 212670000 0.001 2.1267E+11 0.967649468 
0.4 207.07 207070000 0.001 2.0707E+11 0.942169442 
0.5 199.85 199850000 0.001 1.9985E+11 0.909318409 
0.6 191.27 191270000 0.001 1.9127E+11 0.87027937 
0.7 181.28 181280000 0.001 1.8128E+11 0.824824825 
0.8 169.93 169930000 0.001 1.6993E+11 0.773182273 
0.9 158.74 158740000 0.001 1.5874E+11 0.722267722 
 
The adjoining collinear cracks create areas of stress magnifications. In this arrangement a 
continuous area of low stress is not generated 
     


















8. Inclined Parallel Cracks - Two inclined parallel cracks of size 0.05mm are created and 
increased in increments of 0.05mm.  







Strain E (N/m^2) 
Stiffness Ratio 
(Ec/Enc) 
0 219.78 219780000 0.001 2.1978E+11 1 
0.1 219.09 219090000 0.001 2.1909E+11 0.996860497 
0.2 216.76 216760000 0.001 2.1676E+11 0.986258986 
0.3 212.85 212850000 0.001 2.1285E+11 0.968468468 
0.4 207.54 207540000 0.001 2.0754E+11 0.944307944 
0.5 200.98 200980000 0.001 2.0098E+11 0.914459914 
0.6 193.37 193370000 0.001 1.9337E+11 0.87983438 
0.7 184.88 184880000 0.001 1.8488E+11 0.841204841 
0.8 175.71 175710000 0.001 1.7571E+11 0.799481299 
0.9 166.03 166030000 0.001 1.6603E+11 0.755437255 
1 156.02 156020000 0.001 1.5602E+11 0.70989171 
1.1 145.83 145830000 0.001 1.4583E+11 0.663527164 
1.2 135.61 135610000 0.001 1.3561E+11 0.617026117 
1.3 125.36 125360000 0.001 1.2536E+11 0.57038857 
1.4 115.2 115200000 0.001 1.152E+11 0.524160524 
1.5 105.26 105260000 0.001 1.0526E+11 0.478933479 
1.6 95.391 95391000 0.001 95391000000 0.434029484 
1.7 85.631 85631000 0.001 85631000000 0.38962144 
1.8 75.94 75940000 0.001 75940000000 0.345527346 
 
The two cracks shield each other. In this arrangement a continuous area of low stress is not 
generated. 
     







4.2 Shear Loading (2D) 
As tested in tensile loading cases, the same models are used in Shear loading analysis. First the 
shear loading analysis of a no crack model is conducted. This is used as the base model value. 
1. Single Crack – In the case of shear the crack face is parallel to the shear loading face. A 
center crack of size 0.05mm is modeled and increased in increments of 0.05mm. The 
loading is on the top plane in x-axis direction.  











0 0.0010000 76.923 76923000000 1 
0.05 0.0010000 76.843 76843000000 0.998959999 
0.1 0.0010000 76.557 76557000000 0.995241995 
0.15 0.0010000 76.061 76061000000 0.988793989 
0.2 0.0010000 75.195 75195000000 0.977535978 
0.25 0.0010000 74.461 74461000000 0.967993968 
0.3 0.0010000 73.366 73366000000 0.953758954 
0.35 0.0010000 72.081 72081000000 0.937053937 
0.4 0.0010000 70.607 70607000000 0.917891918 
0.45 0.0010000 68.947 68947000000 0.896311896 
0.5 0.0010000 67.099 67099000000 0.872287872 
0.55 0.0010000 65.058 65058000000 0.845754846 
0.6 0.0010000 62.816 62816000000 0.816608817 
0.65 0.0010000 60.356 60356000000 0.784628785 
0.7 0.0010000 57.656 57656000000 0.74952875 
0.75 0.0010000 54.677 54677000000 0.710801711 
0.8 0.0010000 51.357 51357000000 0.667641668 
0.85 0.0010000 47.582 47582000000 0.618566619 
0.9 0.0010000 43.11 43110000000 0.56043056 
0.95 0.0010000 37.292 37292000000 0.484796485 
 
The low and high shear stress developed are concentrated at crack face and crack tips.  
     




2. Parallel Cracks - Two parallel cracks of size 0.05mm is created and increased in 
increments of 0.05mm.  












0 0.0010000 76.923 76923000000 1 
0.05 0.0010000 76.763 76763000000 0.99792 
0.1 0.0010000 76.195 76195000000 0.990536 
0.15 0.0010000 75.22 75220000000 0.977861 
0.2 0.0010000 73.862 73862000000 0.960207 
0.25 0.0010000 72.15 72150000000 0.937951 
0.3 0.0010000 70.11 70110000000 0.911431 
0.35 0.0010000 67.77 67770000000 0.881011 
0.4 0.0010000 65.158 65158000000 0.847055 
0.45 0.0010000 62.301 62301000000 0.809914 
0.5 0.0010000 59.226 59226000000 0.769939 
0.55 0.0010000 55.961 55961000000 0.727494 
0.6 0.0010000 52.533 52533000000 0.68293 
0.65 0.0010000 48.968 48968000000 0.636585 
0.7 0.0010000 45.288 45288000000 0.588745 
0.75 0.0010000 41.503 41503000000 0.53954 
0.8 0.0010000 37.605 37605000000 0.488865 
0.85 0.0010000 33.542 33542000000 0.436046 
0.9 0.0010000 29.164 29164000000 0.379132 
0.95 0.0010000 24.034 24034000000 0.312442 
 
  The parallel cracks arrangement affects the rigidity modulus, and it weakens the body 
     





3. Collinear Cracks - Two collinear cracks of size 0.05mm are created and increased in 
increments of 0.05mm.  











0 0.0010000 76.923 76923000000 1 
0.1 0.0010000 76.762 76762000000 0.997907 
0.2 0.0010000 76.184 76184000000 0.990393 
0.3 0.0010000 75.164 75164000000 0.977133 
0.4 0.0010000 73.677 73677000000 0.957802 
0.5 0.0010000 71.682 71682000000 0.931867 
0.6 0.0010000 69.121 69121000000 0.898574 
0.7 0.0010000 65.758 65758000000 0.854855 
0.8 0.0010000 61.521 61521000000 0.799774 
0.9 0.0010000 55.467 55467000000 0.721072 
 
The adjoining cracks experience stress magnification effects. 
       











4. Doubly Periodic Array of Cracks – In this crack arrangement 5 X 4 array of collinear 
cracks of 0.05mm size are modelled and increased in incremented of 0.05mm 










0 0.0010000 76.923 76923000000 1 
1 0.0010000 75.325 75325000000 0.979225979 
2 0.0010000 69.705 69705000000 0.906165906 
3 0.0010000 60.422 60422000000 0.785486785 
4 0.0010000 47.835 47835000000 0.621855622 
 
 
In this formation the high stresses are formed in different crack planes. 
      













5. Diamond Shaped array of cracks - In this a 4x3x4x3x4 crack arrangement 0.05mm is 
used. It is incremented in 0.05mm.  











0 0.0010000 76.923 76923000000 1 
0.9 0.0010000 75.494 75494000000 0.981422981 
1.8 0.0010000 70.584 70584000000 0.917592918 
2.7 0.0010000 62.497 62497000000 0.812461812 
3.6 0.0010000 51.037 51037000000 0.663481663 
 
The regions of high stress are only present in three collinear crack planes 
 
       














6. Inclined Crack - In this an inclined crack 0.05mm along 45deg axis is used. Then it is 
increased in increments of 0.05mm.   











0 0.0010000 76.923 76923000000 1 
0.05 0.0010000 76.835 76835000000 0.998856 
0.1 0.0010000 76.54 76540000000 0.995021 
0.15 0.0010000 76.044 76044000000 0.988573 
0.2 0.0010000 75.36 75360000000 0.979681 
0.25 0.0010000 74.501 74501000000 0.968514 
0.3 0.0010000 73.487 73487000000 0.955332 
0.35 0.0010000 72.333 72333000000 0.94033 
0.4 0.0010000 71.054 71054000000 0.923703 
0.45 0.0010000 69.664 69664000000 0.905633 
0.5 0.0010000 68.172 68172000000 0.886237 
0.55 0.0010000 66.588 66588000000 0.865645 
0.6 0.0010000 64.915 64915000000 0.843896 
0.65 0.0010000 63.159 63159000000 0.821068 
0.7 0.0010000 61.309 61309000000 0.797018 
0.75 0.0010000 59.372 59372000000 0.771837 
0.8 0.0010000 57.345 57345000000 0.745486 
0.85 0.0010000 55.206 55206000000 0.717679 
0.9 0.0010000 52.976 52976000000 0.688689 
0.95 0.0010000 50.63 50630000000 0.658191 
 
The upper and lower crack tips experience different crack stress effects 
     





7. Inclined Collinear cracks - Two collinear cracks of size 0.05mm each along diagonal are 
created and increased in increments of 0.05mm.  












0 0.0010000 76.923 76923000000 1 
0.1 0.0010000 76.746 76746000000 0.997699 
0.2 0.0010000 76.159 76159000000 0.990068 
0.3 0.0010000 75.182 75182000000 0.977367 
0.4 0.0010000 73.86 73860000000 0.960181 
0.5 0.0010000 72.183 72183000000 0.93838 
0.6 0.0010000 70.226 70226000000 0.912939 
0.7 0.0010000 67.977 67977000000 0.883702 
0.8 0.0010000 65.586 65586000000 0.852619 
0.9 0.0010000 62.875 62875000000 0.817376 
 
The adjoining crack tips form areas of high stress. 
     











8. Inclined Parallel Cracks - Two inclined parallel cracks of size 0.05mm are created and 
increased in increments of 0.05mm.   











0 0.0010000 76.923 76923000000 1 
0.1 0.0010000 76.748 76748000000 0.997725 
0.2 0.0010000 76.192 76192000000 0.990497 
0.3 0.0010000 75.329 75329000000 0.979278 
0.4 0.0010000 74.245 74245000000 0.965186 
0.5 0.0010000 72.996 72996000000 0.948949 
0.6 0.0010000 71.62 71620000000 0.931061 
0.7 0.0010000 70.128 70128000000 0.911665 
0.8 0.0010000 68.53 68530000000 0.890891 
0.9 0.0010000 66.828 66828000000 0.868765 
1 0.0010000 65.023 65023000000 0.8453 
1.1 0.0010000 63.111 63111000000 0.820444 
1.2 0.0010000 61.095 61095000000 0.794236 
1.3 0.0010000 58.975 58975000000 0.766676 
1.4 0.0010000 56.745 56745000000 0.737686 
1.5 0.0010000 54.402 54402000000 0.707227 
1.6 0.0010000 51.945 51945000000 0.675286 
1.7 0.0010000 49.38 49380000000 0.641941 
1.8 0.0010000 46.698 46698000000 0.607075 
 
The parallel cracks allow a low stress region around the cracks. 
     






4.3 Tensile Loading (3D) 
For 3D cracks, even though we are modeling a half body while evaluating the modulus a full 
body is considered. For this we will be doubling the reaction forces, the crack area and test body 
area. The boundary conditions for tensile and shear loading are Fig 3.4 and Fig 3.5 respectively. 
And the tensile force and shear force are determined by placing reaction probes in Face C in Fig 






















1. Single Crack - A half penny shaped central crack of radius 0.025mm is created and the 
radius is increased in increments of 0.025mm 












0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.001963495 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.007853982 99.983 199.966 199966000 0.001 1.99966E+11 0.999530141 
0.017671459 99.868 199.736 199736000 0.001 1.99736E+11 0.998380486 
0.031415927 99.642 199.284 199284000 0.001 1.99284E+11 0.996121164 
0.049087385 99.272 198.544 198544000 0.001 1.98544E+11 0.992422273 
0.070685835 98.718 197.436 197436000 0.001 1.97436E+11 0.986883935 
0.096211275 97.951 195.902 195902000 0.001 1.95902E+11 0.979216235 
0.125663706 96.935 193.87 193870000 0.001 1.9387E+11 0.969059282 
0.159043128 95.632 191.264 191264000 0.001 1.91264E+11 0.95603319 
0.196349541 94.022 188.044 188044000 0.001 1.88044E+11 0.939938019 
0.237582944 92.06 184.12 184120000 0.001 1.8412E+11 0.920323903 
0.282743339 89.711 179.422 179422000 0.001 1.79422E+11 0.896840948 
0.331830724 86.988 173.976 173976000 0.001 1.73976E+11 0.869619114 
0.3848451 83.811 167.622 167622000 0.001 1.67622E+11 0.837858642 
0.441786467 80.141 160.282 160282000 0.001 1.60282E+11 0.801169649 
0.502654825 75.997 151.994 151994000 0.001 1.51994E+11 0.759742077 














2. Parallel Cracks - Two parallel half penny shaped cracks of radius 0.025mm are created 
and radius is increased in increments of 0.025mm. 












0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.0019635 100.02 200.04 200040000 0.001 2.0004E+11 0.99990003 
0.00785398 100.02 200.04 200040000 0.001 2.0004E+11 0.99990003 
0.01767146 100.02 200.04 200040000 0.001 2.0004E+11 0.99990003 
0.03141593 100.02 200.04 200040000 0.001 2.0004E+11 0.99990003 
0.04908739 100.02 200.04 200040000 0.001 2.0004E+11 0.99990003 
0.07068583 97.532 195.064 195064000 0.001 1.9506E+11 0.97502749 
0.09621128 96.163 192.326 192326000 0.001 1.9233E+11 0.9613416 
0.12566371 94.42 188.84 188840000 0.001 1.8884E+11 0.94391682 
0.15904313 92.285 184.57 184570000 0.001 1.8457E+11 0.92257323 
0.19634954 89.76 179.52 179520000 0.001 1.7952E+11 0.8973308 
0.23758294 86.798 173.596 173596000 0.001 1.736E+11 0.86771968 
0.28274334 83.42 166.84 166840000 0.001 1.6684E+11 0.83394982 
0.33183072 79.63 159.26 159260000 0.001 1.5926E+11 0.79606118 
0.3848451 75.367 150.734 150734000 0.001 1.5073E+11 0.75344397 
0.44178647 70.638 141.276 141276000 0.001 1.4128E+11 0.70616815 
0.50265482 65.441 130.882 130882000 0.001 1.3088E+11 0.65421374 












3. Collinear Cracks - Two collinear cracks of radius 0.025mm are created and radius is 
increased in increments of 0.025mm. 
  













0 100.03 200.1 200060000 0.001 2.0006E+11 1 
0.003927 100.02 200 200040000 0.001 2.0004E+11 0.9999 
0.015708 99.935 199.9 199870000 0.001 1.9987E+11 0.99905 
0.0353429 99.704 199.4 199408000 0.001 1.9941E+11 0.996741 
0.0628319 99.253 198.5 198506000 0.001 1.9851E+11 0.992232 
0.0981748 98.506 197 197012000 0.001 1.9701E+11 0.984765 
0.1413717 97.386 194.8 194772000 0.001 1.9477E+11 0.973568 
0.1924226 95.806 191.6 191612000 0.001 1.9161E+11 0.957773 















4. Doubly Periodic Array of Cracks - 20 half penny shaped cracks of radius 0.025mm are 
arranged in a double periodic array arrangement and the radius is increased in increments 
of 0.025mm 












0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.03926991 99.917 199.834 199834000 0.001 1.9983E+11 0.99887034 
0.15707963 99.134 198.268 198268000 0.001 1.9827E+11 0.99104269 
0.35342917 97.143 194.286 194286000 0.001 1.9429E+11 0.97113866 


















5. Diamond shape array of cracks - 18 half penny shaped cracks are arranged in diamond 
shape array and the radius are increased in increments of 0.025mm. 












0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.035342917 99.929 199.858 199858000 0.001 1.99858E+11 0.998990303 
0.141371669 99.216 198.432 198432000 0.001 1.98432E+11 0.991862441 
0.318086256 97.25 194.5 194500000 0.001 1.945E+11 0.972208337 


















6. Inclined collinear cracks (45 deg) - Two collinear half penny cracks of radius 0.025mm 
are arranged along diagonal and their radius is increased in increment so of 0.025mm 













0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.003926991 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.015707963 99.981 199.962 199962000 0.001 1.99962E+11 0.999510147 
0.035342917 99.86 199.72 199720000 0.001 1.9972E+11 0.99830051 
0.062831853 99.622 199.244 199244000 0.001 1.99244E+11 0.995921224 
0.09817477 99.23 198.46 198460000 0.001 1.9846E+11 0.992002399 
0.141371669 98.644 197.288 197288000 0.001 1.97288E+11 0.986144157 
0.19242255 97.827 195.654 195654000 0.001 1.95654E+11 0.977976607 
0.251327412 96.742 193.484 193484000 0.001 1.93484E+11 0.967129861 
0.318086256 95.348 190.696 190696000 0.001 1.90696E+11 0.953194042 
0.392699082 93.614 187.228 187228000 0.001 1.87228E+11 0.935859242 
0.475165889 91.497 182.994 182994000 0.001 1.82994E+11 0.914695591 
0.565486678 88.902 177.804 177804000 0.001 1.77804E+11 0.888753374 
0.663661448 85.744 171.488 171488000 0.001 1.71488E+11 0.857182845 













7. Inclined parallel cracks (45 deg) - Two parallel inclined half penny shaped cracks of 
radius 0.025mm are introduced and their radius is increased in increments of 0.025mm. 












0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.003926991 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.015707963 99.981 199.962 199962000 0.001 1.99962E+11 0.999510147 
0.035342917 99.86 199.72 199720000 0.001 1.9972E+11 0.99830051 
0.062831853 99.623 199.246 199246000 0.001 1.99246E+11 0.995931221 
0.09817477 99.231 198.462 198462000 0.001 1.98462E+11 0.992012396 
0.141371669 98.647 197.294 197294000 0.001 1.97294E+11 0.986174148 
0.19242255 97.834 195.668 195668000 0.001 1.95668E+11 0.978046586 
0.251327412 96.758 193.516 193516000 0.001 1.93516E+11 0.967289813 
0.318086256 95.384 190.768 190768000 0.001 1.90768E+11 0.953553934 
0.392699082 93.689 187.378 187378000 0.001 1.87378E+11 0.936609017 
0.475165889 91.644 183.288 183288000 0.001 1.83288E+11 0.91616515 
0.565486678 89.244 178.488 178488000 0.001 1.78488E+11 0.892172348 
0.663661448 86.478 172.956 172956000 0.001 1.72956E+11 0.864520644 
0.7696902 83.321 166.642 166642000 0.001 1.66642E+11 0.832960112 
0.883572934 79.786 159.572 159572000 0.001 1.59572E+11 0.797620714 
1.005309649 75.851 151.702 151702000 0.001 1.51702E+11 0.758282515 












8. Inclined Crack - An inclined central half penny crack of radius 0.05mm at 45deg is 
introduced and the radius is increased in increments of 0.05mm 












0 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.001963495 100.03 200.06 200060000 0.001 2.0006E+11 1 
0.007853982 100.01 200.02 200020000 0.001 2.0002E+11 0.99980006 
0.017671459 99.946 199.892 199892000 0.001 1.99892E+11 0.999160252 
0.031415927 99.827 199.654 199654000 0.001 1.99654E+11 0.997970609 
0.049087385 99.629 199.258 199258000 0.001 1.99258E+11 0.995991203 
0.070685835 99.336 198.672 198672000 0.001 1.98672E+11 0.993062081 
0.096211275 98.922 197.844 197844000 0.001 1.97844E+11 0.988923323 
0.125663706 98.37 196.74 196740000 0.001 1.9674E+11 0.983404979 
0.159043128 97.655 195.31 195310000 0.001 1.9531E+11 0.976257123 
0.196349541 96.759 193.518 193518000 0.001 1.93518E+11 0.96729981 
0.237582944 95.658 191.316 191316000 0.001 1.91316E+11 0.956293112 
0.282743339 94.337 188.674 188674000 0.001 1.88674E+11 0.943087074 
0.331830724 92.762 185.524 185524000 0.001 1.85524E+11 0.927341797 
0.3848451 90.93 181.86 181860000 0.001 1.8186E+11 0.909027292 
0.441786467 88.807 177.614 177614000 0.001 1.77614E+11 0.887803659 
0.502654825 86.367 172.734 172734000 0.001 1.72734E+11 0.863410977 












4.4 Shear Loading (3D) 
1. Single Crack - A half penny shaped central crack of radius 0.025mm is created and the 
radius is increased in increments of 0.025mm 








Strain G (N/m^2) 
Rigidity Ratio 
(Gc/Gnc) 
0 38.462 76.924 76924000 0.001 76924000000 1 
0.0019635 38.46 76.92 76920000 0.001 76920000000 0.999948001 
0.00785398 38.452 76.904 76904000 0.001 76904000000 0.999740003 
0.01767146 38.428 76.856 76856000 0.001 76856000000 0.999116011 
0.03141593 38.381 76.762 76762000 0.001 76762000000 0.997894025 
0.04908739 38.304 76.608 76608000 0.001 76608000000 0.995892049 
0.07068583 38.188 76.376 76376000 0.001 76376000000 0.992876085 
0.09621128 38.028 76.056 76056000 0.001 76056000000 0.988716135 
0.12566371 37.814 75.628 75628000 0.001 75628000000 0.983152202 
0.15904313 37.538 75.076 75076000 0.001 75076000000 0.975976288 
0.19634954 37.195 74.39 74390000 0.001 74390000000 0.967058395 
0.23758294 36.773 73.546 73546000 0.001 73546000000 0.956086527 
0.28274334 36.262 72.524 72524000 0.001 72524000000 0.942800686 
0.33183072 35.657 71.314 71314000 0.001 71314000000 0.927070875 
0.3848451 34.948 69.896 69896000 0.001 69896000000 0.908637096 
0.44178647 34.107 68.214 68214000 0.001 68214000000 0.886771359 
0.50265482 33.138 66.276 66276000 0.001 66276000000 0.861577661 













2. Parallel Cracks - Two parallel half penny shaped cracks of radius 0.025mm are created 
and radius is increased in increments of 0.025mm. 












0 38.462 76.924 76924000 0.001 76924000000 1 
0.003926991 38.459 76.918 76918000 0.001 76918000000 0.999922001 
0.015707963 38.442 76.884 76884000 0.001 76884000000 0.999480006 
0.035342917 38.394 76.788 76788000 0.001 76788000000 0.998232021 
0.000628319 38.301 76.602 76602000 0.001 76602000000 0.99581405 
0.09817477 38.147 76.294 76294000 0.001 76294000000 0.991810098 
0.141371669 37.92 75.84 75840000 0.001 75840000000 0.985908169 
0.19242255 37.604 75.208 75208000 0.001 75208000000 0.977692268 
0.251327412 37.19 74.38 74380000 0.001 74380000000 0.966928397 
0.318086256 36.663 73.326 73326000 0.001 73326000000 0.953226561 
0.392699082 36.02 72.04 72040000 0.001 72040000000 0.936508762 
0.475165889 35.242 70.484 70484000 0.001 70484000000 0.916281005 
0.565486678 34.326 68.652 68652000 0.001 68652000000 0.89246529 
0.663661448 33.273 66.546 66546000 0.001 66546000000 0.865087619 
0.7696902 32.063 64.126 64126000 0.001 64126000000 0.833627996 
0.883572934 30.703 61.406 61406000 0.001 61406000000 0.798268421 
1.005309649 29.175 58.35 58350000 0.001 58350000000 0.758540898 















3. Collinear Cracks - Two collinear cracks of radius 0.025mm are created and radius is 
increased in increments of 0.025mm. 








Strain E (N/m^2) 
Rigidity Ratio 
(Gc/Gnc) 
0 38.462 76.924 76924000 0.001 7.69E+10 1 
0.003926991 38.459 76.918 76918000 0.001 7.69E+10 0.999922001 
0.015707963 38.442 76.884 76884000 0.001 7.69E+10 0.999480006 
0.035342917 38.394 76.788 76788000 0.001 7.68E+10 0.998232021 
0.062831853 38.299 76.598 76598000 0.001 7.66E+10 0.995762051 
0.09817477 38.142 76.284 76284000 0.001 7.63E+10 0.9916801 
0.141371669 37.901 75.802 75802000 0.001 7.58E+10 0.985414175 
0.19242255 37.556 75.112 75112000 0.001 7.51E+10 0.976444283 















4. Doubly Periodic Array of Cracks - 20 half penny shaped cracks of radius 0.025mm are 
arranged in a double periodic array arrangement and the radius is increased in increments 
of 0.025mm 












0 38.462 76.924 76924000 0.001 76924000000 1 
0.039269908 38.438 76.876 76876000 0.001 76876000000 0.999376 
0.157079633 38.272 76.544 76544000 0.001 76544000000 0.99506 
0.353429174 37.82 75.64 75640000 0.001 75640000000 0.983308 

















5. Diamond Shaped Array of Cracks - 18 half penny shaped cracks are arranged in diamond 
shaped array and the radius are increased in increments of 0.025mm. 
Table 4.29 Diamond shaped array of cracks (3D) shear loading modulus change 









0 38.462 76.924 76924000 0.001 7.69E+10 1 
0.035342917 38.441 76.882 76882000 0.001 7.69E+10 0.999454 
0.141371669 38.309 76.618 76618000 0.001 7.66E+10 0.996022 
0.318086256 37.952 75.904 75904000 0.001 7.59E+10 0.98674 


















6. Inclined Collinear Cracks - Two collinear half penny cracks of radius 0.025mm are 
arranged along diagonal and their radius is increased in increment so of 0.025mm 












0 38.462 76.924 76924000 0.001 76924000000 1 
0.003926991 38.46 76.92 76920000 0.001 76920000000 0.999948 
0.015707963 38.445 76.89 76890000 0.001 76890000000 0.99955801 
0.035342917 38.405 76.81 76810000 0.001 76810000000 0.99851802 
0.062831853 38.328 76.656 76656000 0.001 76656000000 0.99651604 
0.09817477 38.201 76.402 76402000 0.001 76402000000 0.99321408 
0.141371669 38.011 76.022 76022000 0.001 76022000000 0.98827414 
0.19242255 37.747 75.494 75494000 0.001 75494000000 0.98141022 
0.251327412 37.396 74.792 74792000 0.001 74792000000 0.97228433 
0.318086256 36.947 73.894 73894000 0.001 73894000000 0.96061047 
0.392699082 36.388 72.776 72776000 0.001 72776000000 0.94607665 
0.475165889 35.701 71.402 71402000 0.001 71402000000 0.92821486 
0.565486678 34.869 69.738 69738000 0.001 69738000000 0.90658312 
0.663661448 33.869 67.738 67738000 0.001 67738000000 0.88058343 
0.7696902 32.622 65.244 65244000 0.001 65244000000 0.84816182 
 
 












7. Inclined Parallel Cracks - Two parallel inclined half penny shaped cracks of radius 
0.025mm are introduced and their radius is increased in increments of 0.025mm. 












0 38.462 76.924 76924000 0.001 76924000000 1 
0.003926991 38.46 76.92 76920000 0.001 76920000000 0.999948001 
0.015707963 38.445 76.89 76890000 0.001 76890000000 0.999558005 
0.035342917 38.406 76.812 76812000 0.001 76812000000 0.998544017 
0.062831853 38.331 76.662 76662000 0.001 76662000000 0.996594041 
0.09817477 38.21 76.42 76420000 0.001 76420000000 0.993448079 
0.141371669 38.034 76.068 76068000 0.001 76068000000 0.988872134 
0.19242255 37.798 75.596 75596000 0.001 75596000000 0.982736207 
0.251327412 37.495 74.99 74990000 0.001 74990000000 0.974858302 
0.318086256 37.12 74.24 74240000 0.001 74240000000 0.965108419 
0.392699082 36.669 73.338 73338000 0.001 73338000000 0.953382559 
0.475165889 36.136 72.272 72272000 0.001 72272000000 0.939524726 
0.565486678 35.52 71.04 71040000 0.001 71040000000 0.923508918 
0.663661448 34.813 69.626 69626000 0.001 69626000000 0.905127138 
0.7696902 34.006 68.012 68012000 0.001 68012000000 0.88414539 
0.883572934 33.098 66.196 66196000 0.001 66196000000 0.860537674 
1.005309649 32.072 64.144 64144000 0.001 64144000000 0.833861994 














8. Inclined Crack - An inclined central half penny crack of radius 0.05mm at 45deg is 
introduced and the radius is increased in increments of 0.05mm 
Table 4.32 Inclined crack 45 deg (3D) shear loading modulus change 










0 38.462 76.924 76924000 0.001 76924000000 1 
0.001963495 38.461 76.922 76922000 0.001 76922000000 0.999974 
0.007853982 38.453 76.906 76906000 0.001 76906000000 0.999766 
0.017671459 38.434 76.868 76868000 0.001 76868000000 0.999272 
0.031415927 38.395 76.79 76790000 0.001 76790000000 0.998258 
0.049087385 38.331 76.662 76662000 0.001 76662000000 0.996594 
0.070685835 38.236 76.472 76472000 0.001 76472000000 0.994124 
0.096211275 38.104 76.208 76208000 0.001 76208000000 0.990692 
0.125663706 37.928 75.856 75856000 0.001 75856000000 0.986116 
0.159043128 37.703 75.406 75406000 0.001 75406000000 0.980266 
0.196349541 37.424 74.848 74848000 0.001 74848000000 0.973012 
0.237582944 37.082 74.164 74164000 0.001 74164000000 0.96412 
0.282743339 36.676 73.352 73352000 0.001 73352000000 0.953565 
0.331830724 36.196 72.392 72392000 0.001 72392000000 0.941085 
0.3848451 35.639 71.278 71278000 0.001 71278000000 0.926603 
0.441786467 34.996 69.992 69992000 0.001 69992000000 0.909885 
0.502654825 34.261 68.522 68522000 0.001 68522000000 0.890775 













CHAPTER 5 – RESULTS AND DISCUSSIONS 
In the simulation tests performed we have different number, orientation based which are 
plotted based on crack sizes. But in order to perform a comparison study they have to 
grouped together based on a common scale taking into account the variations in the 
different cases.  The microcrack density is a good representation for encompassing the 
different scenarios based on the test. For 2D crack cases the microcrack density formula 
used for the analysis is explained below 
5.1 – 2D Cracks (Tensile Loading) Results 





where A is the area of the test body,  𝑙(𝑖) is the crack half length.  
[21],[22] 
And another plot used for the Analysis purpose is Crack Surface density. Crack Surface 
density is the total length of microcracks per mm2 of area [8]. This plot is used for 




























Single crack Two Parallel Cracks Two Collinear cracks
Three Collinear Cracks Three Collinear Cracks (V Sizes) 3 Collinear cracks with 2 on bridges
Double Periodic Array of Cracks Diamond Shaped Array of Cracks Inclined Crack (45 deg)
Inclined collinear cracks (45 deg) Inclined parallel cracks (45 deg) Central and inclined cracks
Array of inclined cracks (45 deg) Random cracks
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Single Crack Two Parallel Cracks Two Collinear cracks
Three Collinear Cracks Three Collinear Cracks (V sizes) 3 collinear cracks with 2 on bridges
Double Periodic Array of Cracks Daimond Shaped Array of Cracks Inclined crack (45 deg)
Inclined  Collinear Cracks (45 deg) Inclined Parallel Cracks (45 deg) Central and inclined Cracks
Array of inclined cracks (45 deg) random cracks
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Table 5.1 - Data Points of Fig 5.1 

















0.05 1 0.000625 0.996723997 0.05 2 0.00125 0.993493493 
0.1 1 0.0025 0.985803986 0.1 2 0.005 0.972517973 
0.15 1 0.005625 0.967467467 0.15 2 0.01125 0.93953044 
0.2 1 0.01 0.942351442 0.2 2 0.02 0.897988898 
0.25 1 0.015625 0.911183911 0.25 2 0.03125 0.851032851 
0.3 1 0.0225 0.874647375 0.3 2 0.045 0.801119301 
0.35 1 0.030625 0.833697334 0.35 2 0.06125 0.74984075 
0.4 1 0.04 0.789107289 0.4 2 0.08 0.698061698 
0.45 1 0.050625 0.741559742 0.45 2 0.10125 0.646282646 
0.5 1 0.0625 0.691782692 0.5 2 0.125 0.594640095 
0.55 1 0.075625 0.64027664 0.55 2 0.15125 0.543134043 
0.6 1 0.09 0.587633088 0.6 2 0.18 0.491673492 
0.65 1 0.105625 0.534125034 0.65 2 0.21125 0.44012194 
0.7 1 0.1225 0.48007098 0.7 2 0.245 0.388433888 
0.75 1 0.140625 0.425671126 0.75 2 0.28125 0.336604787 
0.8 1 0.16 0.370834471 0.8 2 0.32 0.284657385 
0.85 1 0.180625 0.315210665 0.85 2 0.36125 0.232728183 
0.9 1 0.2025 0.257662208 0.9 2 0.405 0.180744381 
0.95 1 0.225625 0.194421694 0.95 2 0.45125 0.127136227 

















0.05 2 0.00125 0.993447993 0.05 3 0.001875 0.99012649 
0.1 2 0.005 0.971516972 0.1 3 0.0075 0.956956957 
0.15 2 0.01125 0.934707435 0.15 3 0.016875 0.8999909 
0.2 2 0.02 0.883883884 0.2 3 0.03 0.818955319 
0.25 2 0.03125 0.82018382 0.25 3 0.046875 0.70961871 
0.3 2 0.045 0.744881245 0.3 3 0.0675 0.554463554 
0.35 2 0.06125 0.657111657     
0.4 2 0.08 0.558149058     
0.45 2 0.10125 0.438957139     

















0.05 20 0.0125 0.938256438 0.05 18 0.01125 0.943625444 
0.1 20 0.05 0.773364273 0.1 18 0.045 0.786422786 
0.15 20 0.1125 0.574847575 0.15 18 0.10125 0.591728092 





Table 5.2 – Data Points of Fig 5.1 

















0.05 1 0.000625 0.996723997 0.05 5 0.003125 0.983710984 
0.1 1 0.0025 0.985803986 0.1 5 0.0125 0.931249431 
0.15 1 0.005625 0.967467467 0.15 5 0.028125 0.848166348 
0.2 1 0.01 0.942351442 0.2 5 0.05 0.741832742 
0.25 1 0.015625 0.911183911 0.25 5 0.078125 0.615843116 
0.35 3 0.016875 0.904131404 0.3 5 0.1125 0.462735463 
0.45 3 0.020625 0.880653381     
0.55 3 0.026875 0.840658841     
0.65 3 0.035625 0.784011284     
0.75 3 0.046875 0.70961871     
0.85 3 0.060625 0.612976613     
0.95 3 0.076875 0.472972973     

















0.05 1 0.000625 0.998452998 0.05 2 0.00125 0.996860497 
0.1 1 0.0025 0.993038493 0.1 2 0.005 0.986076986 
0.15 1 0.005625 0.983710984 0.15 2 0.01125 0.967649468 
0.2 1 0.01 0.970606971 0.2 2 0.02 0.942169442 
0.25 1 0.015625 0.953817454 0.25 2 0.03125 0.909318409 
0.3 1 0.0225 0.933433433 0.3 2 0.045 0.87027937 
0.35 1 0.030625 0.90972791 0.35 2 0.06125 0.824824825 
0.4 1 0.04 0.882882883 0.4 2 0.08 0.773182273 
0.45 1 0.050625 0.853216853 0.45 2 0.10125 0.722267722 
0.5 1 0.0625 0.821002821     
0.55 1 0.075625 0.786650287     
0.6 1 0.09 0.750523251     
0.65 1 0.105625 0.712985713     
0.7 1 0.1225 0.674447174     
0.75 1 0.140625 0.635408135     
0.8 1 0.16 0.595732096     
0.85 1 0.180625 0.556556557     
0.9 1 0.2025 0.516926017     







Table 5.3 – Data Points of Fig 5.1 

















0.05 2 0.00125 0.996860497 0.05 5 0.003125 0.99049049 
0.1 2 0.005 0.986258986 0.1 5 0.0125 0.958776959 
0.15 2 0.01125 0.968468468 0.15 5 0.028125 0.906815907 
0.2 2 0.02 0.944307944 0.2 5 0.05 0.83974884 
0.25 2 0.03125 0.914459914 0.25 5 0.078125 0.762853763 
0.3 2 0.045 0.87983438 0.3 5 0.1125 0.682045682 
0.35 2 0.06125 0.841204841 0.35 5 0.153125 0.601601602 
0.4 2 0.08 0.799481299 0.4 5 0.2 0.524570025 
0.45 2 0.10125 0.755437255 0.45 5 0.253125 0.44964965 
0.5 2 0.125 0.70989171 0.5 5 0.3125 0.376517427 
0.55 2 0.15125 0.663527164 0.55 5 0.378125 0.298284648 
0.6 2 0.18 0.617026117     
0.65 2 0.21125 0.57038857     
0.7 2 0.245 0.524160524     
0.75 2 0.28125 0.478933479     
0.8 2 0.32 0.434029484     
0.85 2 0.36125 0.38962144     
0.9 2 0.405 0.345527346     

















0.05 9 0.005625 0.985985986 0.05 7 0.004375 0.98958049 
0.1 9 0.0225 0.938938939 0.1 7 0.0175 0.954772955 
0.15 9 0.050625 0.862089362 0.15 7 0.039375 0.8998999 
0.2 9 0.09 0.763354263 0.2 7 0.07 0.831285831 
0.25 9 0.140625 0.651515152 0.25 7 0.109375 0.747247247 
0.3 9 0.2025 0.540540541 0.3 7 0.1575 0.662935663 
0.35 9 0.275625 0.437209937 0.35 7 0.214375 0.580580581 







By reviewing Tables 5.1, 5.2, 5.3. we see that the microcrack density for which all the crack cases 
have been experimented is 0.0675. So, we can use this as base microcrack density point to 
compare the effective Modulus of all crack cases. Extrapolation method is used to determine the 
Stiffness change for the crack cases at microcrack density of 0.0675. Extrapolation is used 
because from Fig 5.1 we observe that the stiffness change plot for all the crack cases follow a 
similar decreasing path.  





Three Collinear Cracks (v sizes)  0.0675 0.553744304 
Three Collinear Cracks 0.0675 0.554463554 
Two Collinear Cracks 0.0675 0.624124124 
Three Collinear Cracks with two cracks over bridges 0.0675 0.663439197 
Single Crack 0.0675 0.672161339 
Diamond Shaped Array of Cracks 0.0675 0.708544908 
Doubly Periodic Array of Cracks 0.0675 0.717779598 
Parallel Cracks 0.0675 0.732581066 
Central & Inclined Cracks 0.0675 0.791903014 
Inclined Collinear Cracks 0.0675 0.807610641 
Inclined Crack 0.0675 0.807916141 
Array of Inclined Cracks 0.0675 0.81977432 
Inclined Parallel Cracks 0.0675 0.827296994 
Random Cracks 0.0675 0.836886979 
 
Analyzing Stiffness Change vs Microcrack Density Plot (Fig 5.1): The plot shows the decreasing 
effective modulus curves of 2D crack models during Tensile loading. Now each crack model will 
be explained, which are grouped on the basis of decreasing order of stiffness loss, and they are as 
follows: 
1)Three collinear cracks and three collinear cracks (v sizes) – These two arrangements have the 
maximum loss in stiffness. The Stiffness change for these cracks at 0.0675 Microcrack density 
are 0.553744304 (Three Collinear Cracks (v sizes)) and 0.554463554 (Three Collinear Cracks).  
It has three fully open cracks in the loading path and the crack interactions causes stress 
magnification (refer Page 10) for neighboring crack tips. Also, from the Normal Stress 
Distribution(APPENDIX A) we can see that the region of high stress is concentrated along crack 
tips. Here the stress generation is higher in Three Collinear Cracks (v sizes) due to the larger 
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center crack. Also since the cracks are aligned in a single plane perpendicular to the loading path 
the stress flow area is reduced. 
2)Two collinear cracks - It has two fully open cracks in the loading path and stress magnification 
effect comes into play when the crack sizes increase. Also, the high stress magnification area of 
the adjoining crack tips is in a concentrated area seen in the Normal Stress 
Distribution(APPENDIX A). For 0.0675 Microcrack Density the stiffness ratio for this crack 
arrangement is 0.624124124. Once the crack sizes increase stress flow area is diminished. 
3)Three Collinear cracks with two cracks over bridges - This case has five open cracks in the 
loading path, but they don’t fully open during loading since the cracks are present in two different 
crack planes. Also, the presence of two cracks in the bridge region creates a stress magnification 
effect because it interferes with force transmission area. From the Normal Stress 
Distribution(APPENDIX A), we observe that the since the cracks are not opening fully the stress 
generated is less . 
4) Single Crack – It has a single open crack in load acting direction, and they open fully when the 
load is applied. But as the crack size increases the region of low stress and medium stress extends 
throughout the body as observed from Normal Stress distribution(APPENDIX A). The low stress 
region is larger compared to the other. 
5) Diamond shape array of cracks – This arrangement creates a stress magnification effect when 
loading path is along the y-axis [20]. From the Normal Stress Distribution(APPENDIX A), we 
observe that the medium stress region gets extended throughout the body. But since it has 
multiple cracks arranged in a stack form the overall modulus loss is reduced  
6) Doubly Periodic Array of Cracks – This arrangement creates a stress shielding effect for 
loading path along the y-axis [20]. Here we observe from the Normal Stress Distribution 
diagram(APPENDIX A) that the areas of low stress and medium stress extends throughout the 
body Thus, it is stronger layout than the previous arrangement.  
7) Two Parallel cracks – In this model, the crack tip opening displacement of both cracks is less 
compared to a single crack model thus stress generated is less. Also, parallel cracks arrangement 
causes a stress shielding effect (refer Page 9). This can be observed from the Normal Stress 
Distribution(APPENDIX A) as the low stress flows from one crack to the other thus improving 
the overall stability of the body. Since the cracks sizes are larger compared with the Doubly 
Periodic Array Case the shielding effect is also high 
8) Central and inclined cracks – It has only one fully open central crack and rest are partially 
opened inclined cracks, thus the overall stress generated is less. From the Normal Stress 
Distribution(APPENDIX A), we observe that the central crack stress is shielded by the 
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surrounding inclined cracks. Thus, the presence of inclined cracks can cause a shielding effect  
because when a inclined crack is undergoes Tensile loading an interesting feature happens at the 
crack tip faces two different intensity of stresses are generated. 
9) Inclined crack (45 deg) & Inclined collinear cracks (45 deg) – In this case cracks are under 
both shear stress and tensile stress. Since tensile stress only affects elasticity modulus the stiffness 
loss is reduced. From the Normal Stress Distribution, we observe that high and low stresses are 
generated on opposite faces of the crack tips. Since they are inclined the magnification effect of 
adjoining cracks effect is diminished due to the low stress generated on the crack tip face. 
10) Array of inclined cracks – It is an inclined diamond arrangement of cracks. Diamond 
arrangement causes stress magnification in tensile loading, but since they are inclined a part of 
stress is only tensile. Also, the presence of multiple cracks in stacks helps in a stronger 
arrangement. From the Normal Stress Distribution diagram, we observe that the low stress 
regions extend throughout the body more than the medium stress regions thus, stabilizing the 
body. Also, the stress magnification due to diamond arrangement is countered by the different 
intensity cracks on both faces 
11) Inclined parallel cracks –Parallel cracks creates a shielding effect and also, they are inclined 
thus the overall stress generated is less. The lower stress region near crack tips creates the 
shielding effect. 
12) Random cracks (7 cracks) – It has three inclined cracks partially open and rest of them in 
closed form which leads to a minimal loss in stiffness. From the Normal Stress Distribution 
simulation, we observe that only those three Cracks are generating high stresses. The stress 
generated by the other four cracks are very low. Thus, as long as crack doesn’t open up in tensile 
loading its effect on the modulus is diminished. 
 
Analyzing Stiffness Change vs Crack Surface Density Plot (Fig 5.2): - This is useful for 
comparing crack arrangements with equal number of cracks. Based on number of cracks they are 
grouped and in each group the models are arranged in increasing order of stiffness.  
1)One crack arrangement – single crack < inclined crack (45 deg) 
2)Two cracks arrangement –collinear cracks< parallel cracks< Inclined collinear < inclined 
parallel cracks.  
3)Three cracks arrangement –three collinear cracks varied sizes < three collinear cracks 
4)Five cracks arrangement –three collinear with two on bridges < central and inclined cracks. 





























Single Crack Single Crack - 15 Deg Single Crack - 30 Deg
Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Single Crack Single Crack - 15 Deg Single Crack - 30 Deg
Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Crack Size   - 0.05 Crack Size   - 0.1 Crack Size   - 0.15 Crack Size   - 0.2 Crack Size   - 0.25
Crack Size   - 0.3 Crack Size   - 0.35 Crack Size   - 0.4 Crack Size   - 0.45 Crack Size   - 0.5




Analyzing inclined cracks based on Stiffness change vs Microcrack Density Plot(Fig 5.3) and 
Stiffness change vs Crack Surface Density Plot (Fig 5.4):- The elasticity modulus loss follows a 
decreasing trend of based on the angle of orientation  as 15<30<45<60<75. For 15 deg oriented 
inclined crack model the max stress generated for a 0.5mm crack is 516.08MPa, similarly 30 deg 
crack model has max stress at 444.38 MPa, 45 deg crack model has max stress at 258.83 MPa, 60 
deg crack model has max stress 164.39MPa and 75deg crack model has max stress at 87.258MPa     
This is because crack opening decreases with increasing angle of orientation and thus stress 
generated reduced. Because when the crack opens fully only higher stresses are generated at the 
crack tip which in turn leads to stiffness loss.  Also, from Normal Stress Distribution we observe 
that stress flow is not uniform, and they are opposite of each on either side of crack. Now 
analyzing inclined cracks using Stiffness Change vs Angle of Orientation plot (Fig 5.5): – We can 
infer that even if the crack size increases, as the angle of orientation changes from 0 deg to 90 deg 
the loss in stiffness is reduced.  
Now by evaluating all the results from the various plots for tensile loading we can determine the 
effects of crack size, crack orientation and cracks numbers on the effective modulus. Firstly, 
considering the effects of crack size we can deduce that if the crack size increases the effective 
modulus reduces regardless of the orientation of the cracks to the loading path. When considering 
the crack orientation, the modulus is dependent on the loading path. If the cracks are oriented 
perpendicular to the loading path, during loading the cracks open fully and thus stress generated 
is high which reduces the modulus and if the cracks are parallel to loading direction, then the 
cracks don’t open at all it has a minimal effect on the elastic modulus. Thus, we can deduce that 
as the angle of orientation of cracks to loading path changes from 0 deg to 90 deg the effective 
modulus also reduces. Considering crack numbers, it is directly dependent on the position of 
cracks. If the cracks are only present in a single line and perpendicular to the loading path like the 
collinear cracks case, then in such cases if the number of cracks increases the effective modulus 
also reduces. But if cracks are arranged in stacks, then based on the stress magnification and 
shielding effects of the crack arrangement the effective modulus reduction will be high or low.  
For inclined cracks shielding and magnification effects of parallel and collinear cracks doesn’t 
work in the same way as straight cracks. The stress distribution is not uniform like in straight 
cracks thus the effect of cracks on the modulus is different. Here it is observed that the inclined 
collinear cracks and inclined crack (45deg) have a similar modulus loss pattern. But in straight 
cracks case, collinear cracks have higher modulus loss than single crack. 
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Single crack  Two Parallel Cracks Two Collinear Cracks
Three Collinear Cracks Three Collinear Cracks (V sizes) 3 Collinear cracks with 2 on bridges
Double Periodic Array of Cracks Diamond Shaped Array of Crcaks Inclined crack (45 deg)
Inclined collinear cracks Inclined parallel cracks (45 deg) Central and inclined cracks


























Single Crack Two Parallel Cracks Two Collinear cracks
Three Collinear Cracks Three Collinear Cracks (V sizes) 3 collinear cracks with 2 on bridges
Double Periodic Array of Cracks Diamond Shape Array of Cracks Inclined Crack (45 deg)
Inclined Collinear Cracks (45 deg) Inclined Parallel Cracks (45 deg) Central and Inclined cracks
Array of Inclined cracks (45 deg) Random Cracks
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Table 5.6 – Data Points of Fig 5.6 

















0.05 1 0.000625 0.998959999 0.05 2 0.00125 0.997919998 
0.1 1 0.0025 0.995241995 0.1 2 0.005 0.990535991 
0.15 1 0.005625 0.988793989 0.15 2 0.01125 0.977860978 
0.2 1 0.01 0.988793989 0.2 2 0.02 0.96020696 
0.25 1 0.015625 0.967993968 0.25 2 0.03125 0.937950938 
0.3 1 0.0225 0.953758954 0.3 2 0.045 0.911430911 
0.35 1 0.030625 0.937053937 0.35 2 0.06125 0.881010881 
0.4 1 0.04 0.917891918 0.4 2 0.08 0.847054847 
0.45 1 0.050625 0.896311896 0.45 2 0.10125 0.80991381 
0.5 1 0.0625 0.872287872 0.5 2 0.125 0.76993877 
0.55 1 0.075625 0.845754846 0.55 2 0.15125 0.727493727 
0.6 1 0.09 0.816608817 0.6 2 0.18 0.682929683 
0.65 1 0.105625 0.784628785 0.65 2 0.21125 0.636584637 
0.7 1 0.1225 0.74952875 0.7 2 0.245 0.588744589 
0.75 1 0.140625 0.710801711 0.75 2 0.28125 0.53953954 
0.8 1 0.16 0.667641668 0.8 2 0.32 0.488865489 
0.85 1 0.180625 0.618566619 0.85 2 0.36125 0.436046436 
0.9 1 0.2025 0.56043056 0.9 2 0.405 0.379132379 
0.95 1 0.225625 0.484796485 0.95 2 0.45125 0.312442312 

















0.05 2 0.00125 0.997906998 0.05 3 0.001875 0.996853997 
0.1 2 0.005 0.99039299 0.1 3 0.0075 0.985361985 
0.15 2 0.01125 0.977132977 0.15 3 0.016875 0.964275964 
0.2 2 0.02 0.957801958 0.2 3 0.03 0.931749932 
0.25 2 0.03125 0.931866932 0.25 3 0.046875 0.882271882 
0.3 2 0.045 0.898573899 0.3 3 0.0675 0.800657801 
0.35 2 0.06125 0.854854855     
0.4 2 0.08 0.7997738     








Table 5.7 – Data Points of Fig 5.7 

















0.05 1 0.000625 0.998959999 0.05 5 0.003125 0.994760995 
0.1 1 0.0025 0.995241995 0.1 5 0.0125 0.975988976 
0.15 1 0.005625 0.988793989 0.15 5 0.028125 0.942747943 
0.2 1 0.01 0.97969398 0.2 5 0.05 0.894218894 
0.25 1 0.015625 0.967993968 0.25 5 0.078125 0.826475826 
0.35 3 0.016875 0.965497965 0.3 5 0.1125 0.728468728 
0.45 3 0.020625 0.956553957     
0.55 3 0.026875 0.940524941     
0.65 3 0.035625 0.916461916     
0.75 3 0.046875 0.882271882     
0.85 3 0.060625 0.832858833     
0.95 3 0.076875 0.750737751     

















0.05 20 0.0125 0.979225979 0.05 18 0.01125 0.981422981 
0.1 20 0.05 0.906165906 0.1 18 0.045 0.917592918 
0.15 20 0.1125 0.785486785 0.15 18 0.10125 0.812461812 
0.2 20 0.2 0.621855622 0.2 18 0.18 0.663481663 

















0.05 1 0.000625 0.998855999 0.05 2 0.00125 0.997698998 
0.1 1 0.0025 0.995020995 0.1 2 0.005 0.99006799 
0.15 1 0.005625 0.988572989 0.15 2 0.01125 0.977366977 
0.2 1 0.01 0.97968098 0.2 2 0.02 0.96018096 
0.25 1 0.015625 0.968513969 0.25 2 0.03125 0.938379938 
0.3 1 0.0225 0.955331955 0.3 2 0.045 0.912938913 
0.35 1 0.030625 0.94032994 0.35 2 0.06125 0.883701884 
0.4 1 0.04 0.923702924 0.4 2 0.08 0.852618853 
0.45 1 0.050625 0.905632906 0.45 2 0.10125 0.817375817 
0.5 1 0.0625 0.886236886     
0.55 1 0.075625 0.865644866     
0.6 1 0.09 0.843895844     
0.65 1 0.105625 0.821067821     
0.7 1 0.1225 0.797017797     
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Table 5.8 – Data Points of Fig 5.6 

















0.05 2 0.00125 0.997724998 0.05 5 0.003125 0.994383994 
0.1 2 0.005 0.99049699 0.1 5 0.0125 0.975962976 
0.15 2 0.01125 0.979277979 0.15 5 0.028125 0.946283946 
0.2 2 0.02 0.965185965 0.2 5 0.05 0.907920908 
0.25 2 0.03125 0.948948949 0.25 5 0.078125 0.862446862 
0.3 2 0.045 0.931060931 0.3 5 0.1125 0.811382811 
0.35 2 0.06125 0.911664912 0.35 5 0.153125 0.755118755 
0.4 2 0.08 0.890890891 0.4 5 0.2 0.694213694 
0.45 2 0.10125 0.868764869 0.45 5 0.253125 0.625846626 
0.5 2 0.125 0.845299845 0.5 5 0.3125 0.550953551 
0.55 2 0.15125 0.82044382 0.55 5 0.378125 0.458835459 
0.6 2 0.18 0.794235794     
0.65 2 0.21125 0.766675767     
0.7 2 0.245 0.737685738     
0.75 2 0.28125 0.707226707     
0.8 2 0.32 0.675285675     
0.85 2 0.36125 0.641940642     
0.9 2 0.405 0.607074607     

















0.05 9 0.005625 0.98978199 0.05 7 0.004375 0.99026299 
0.1 9 0.0225 0.957762958 0.1 7 0.0175 0.967148967 
0.15 9 0.050625 0.908401908 0.15 7 0.039375 0.924040924 
0.2 9 0.09 0.851877852 0.2 7 0.07 0.863746864 
0.25 9 0.140625 0.793117793 0.25 7 0.109375 0.793741794 
0.3 9 0.2025 0.736892737 0.3 7 0.1575 0.721734722 
0.35 9 0.275625 0.678405678 0.35 7 0.214375 0.628732629 










5.2 - 2D Cracks (Shear Loading) Results 
By reviewing Tables 5.6, 5.7, 5.8. we see that one of  the microcrack density for which all the 
crack cases have been experimented is 0.0675. So, we can use this as base microcrack density 
point to compare the rigidity modulus of all crack cases. Extrapolation method is used to 
determine the Stiffness change for the crack cases at microcrack density of 0.0675. Extrapolation 
is used because from Fig 5.1 we observe that the rigidity changes plot for all the crack cases they 
follow a similar decreasing path.  





Three Collinear Cracks(v sizes)  0.0675 0.798115298 
Three Collinear Cracks 0.0675 0.800657801 
Two Collinear Cracks 0.0675 0.836494503 
Three Collinear Cracks with two cracks over bridges 0.0675 0.852067652 
Single Crack 0.0675 0.862180053 
Random Cracks 0.0675 0.868668828 
 Two Parallel Cracks 0.0675 0.869692203 
Doubly Periodic Array of Cracks 0.0675 0.872375752 
Inclined Collinear Cracks 0.0675 0.873340874 
Diamond Shaped Array of Cracks 0.0675 0.875540476 
Inclined Crack 0.0675 0.878392307 
Central & Inclined Cracks 0.0675 0.879625946 
Array of Inclined Cracks 0.0675 0.884177313 
Inclined Parallel Cracks 0.0675 0.904740238 
 
Analyzing Rigidity Change vs Microcrack Density Plot (Fig 5.6):- The plot shows the decreasing 
rigidity modulus curves of 2D crack models during shear loading. Now each crack model will be 
explained, which are arranged on the basis of decreasing order of rigidity modulus, and they are 
as follows: 
1)Three collinear cracks and three collinear cracks (v sizes) – These two arrangements have the 
maximum loss in rigidity. It has three straight cracks parallel to the loading path which facilitates 
lateral movement and stress magnification effects (refer page 9) come into play in neighboring 
crack tips. From the shear stress distribution(APPENDIX A), we observe that the stress is 
generated along a single crack plane and the high stress generated between the adjoining cracks 
also the lateral movement is high. This arrangement greatly deteriorates the rigidity. 
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2)Two collinear cracks - This arrangement has two straight cracks parallel to loading path and 
stress magnification effects comes into effect when cracks size increases. This can also be 
validated from the shear stress distribution plot(APPENDIX A). 
3)Three Collinear cracks with two cracks over bridges – This crack model has five cracks parallel 
to the loading path. Thus, the individual shear movement of the cracks are reduced as the cracks 
are placed in different planes. The stress generation as a result of this is less. From the shear stress 
distribution,  we observe that the stress generation is less compared to the previous cases. The 
overall stress developed in the body is medium intensity 
4) Single Crack – It has a single crack parallel to the load acting direction and is free to slide 
laterally when load is applied. From the shear stress distirbution(APPENDIX A), we observe that 
the stress generated due to shear movement is higher since it is acting in a single crack plane. 
5)Random cracks (7 cracks) – It has multiple cracks which are semi parallel and semi 
perpendicular to the load acting directions. In Shear loading cases if the cracks are perpendicular 
or parallel to the loading direction it helps in lateral movement of the cracks and thus higher shear 
stresses are generated. This is the reason why Random cracks which was the more stable in the 
tensile testing case is not so rigid. 
6) Two Parallel cracks – In this arrangement, since the cracks are present in different planes the 
shear sliding of both cracks is reduced instead of a single crack case thus stress generated is less. 
From the Shear Stress Distribution(APPENDIX A) we observe that the stress is not uniformly 
distributed through the body it has regions of medium and low intensity shear stresses. 
7) Doubly Periodic Array of Cracks – The arrangement creates a stress magnification effect for 
shear loading [20]. But since it has multiple cracks arranged in a stacked form the overall 
modulus loss is reduced. From the Shear Stress Distribution(APPENDIX A), we observe that the 
stress flow in the body is of medium intensity. 
8) Inclined collinear cracks – It has two inclined cracks partially in shear and partially in tensile 
stress. Since the cracks are inclined in Shear loading, they are experiencing a stress magnification 
for the adjoining crack tips. From the Shear Stress Distribution(APPENDIX A), we observe that 
the stress magnification intensity is high. 
9) Diamond shaped array of cracks – The arrangement creates a stress shielding effect for shear 
loading [20]. Thus, it is a stronger model than Doubly Periodic Array arrangement. Also, from 
80 
 
the Shear Stress diagram(APPENDIX A) we observe that the stress generation is not uniform in 
each crack planes and thus it reduces rigidity modulus loss. 
9) Inclined crack (45 deg) – It has a single inclined crack partially in shear and partially in tensile 
stress.  Since shear stress only affects shear modulus, its reduction is reduced. From Shear Stress 
Distribution(APPENDIX A)  we observe that the area of low stress helps in reducing the rigidity 
modulus loss in the body 
10) Central and inclined cracks – The central crack is under proper shear and the inclined cracks 
are partly under shear. Thus, shear stress developed in the body is less. From the Shear Stress 
distribution(APPENDIX A), we observe that the central crack is an area of low stress  
11) Array of inclined cracks – The crack arrangement has stress shielding in shear and also the 
whole arrangement is inclined at 45 deg. From the shear stress distribution(APPENDIX A), we 
observe that the body has majority of low intensity stress. 
12) Inclined parallel cracks –The inclined cracks are partially in shear and partially in tensile 
stress. Also, parallel arrangement further reduces the effect of the cracks on rigidity modulus. 
From the Shear Stress Distribution diagram(APPENDIX A), we observe that a shielding effect is 
generated in the body 
Analyzing Rigidity Change vs Crack Surface Density Plot (Fig 5.7):- This is useful for comparing 
crack arrangements with equal no of cracks. Based on number of cracks they are grouped and in 
each group the models are arrangement in increasing order of rigidity modulus 
1) One crack arrangement – The decreasing order of rigidity loss in this crack arrangement 
is single crack < inclined crack along diagonal.  
2) Two cracks arrangement – The decreasing order of rigidity loss in this crack arrangement 
is collinear cracks< parallel cracks< Inclined collinear < inclined parallel cracks.  
3) Three cracks arrangement – The decreasing order of rigidity loss in this crack 
arrangement is collinear cracks < varied sizes.  
4) Five cracks arrangement – The decreasing order of rigidity loss in this crack arrangement 
is three collinear with two on bridges < central and inclined cracks.  
These results agree with Rigidity Change vs Microcrack Density Plot (Fig 5.6) results.  
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Single Crack Single Crack - 15 Deg Single Crack - 30 Deg Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Crack Size   - 0.05 Crack Size   - 0.1 Crack Size   - 0.15 Crack Size   - 0.2 Crack Size   - 0.25
Crack Size   - 0.3 Crack Size   - 0.35 Crack Size   - 0.4 Crack Size   - 0.45 Crack Size   - 0.5
Crack Size   - 0.55 Crack Size   - 0.6 Crack Size   - 0.65 Crack Size   - 0.7 Crack Size   - 0.75




Analyzing inclined cracks based on Rigidity change vs  Microcrack Density Plot(Fig 5.8) and 
Rigidity change vs Crack Surface Density Plot (Fig 5.9):- The rigidity modulus loss follows a 
decreasing trend of based on the angle of orientation 0>15>30>60=75>45. It shows that 45 deg is 
most rigid because of equal parity in tensile & shear stress acting on it.Now analyzing inclined 
cracks using Rigidity Change vs Angle of Orientation plot(Fig 5.10): – We can infer that even if 
the crack size increases, as the angle of orientation changes from 0 deg to 45 deg the rigidity loss 
is reduced and then from 45 deg to 90 deg it increases. From the von mises diagrams of various 
crack cases we observe that the low stress region area increases as the angle of crack orientation 
increases. 
Now by evaluating all the results from the various plots for shear loading we can determine the 
effects of crack size, crack orientation and cracks numbers on the rigidity modulus. Firstly, 
considering the effects of crack size we can deduce that if the crack size increases the rigidity 
modulus reduces regardless of the orientation of the cracks to the loading path. When considering 
the crack orientation, the modulus is dependent on the loading path. If the cracks are oriented 
parallel to the loading path, during loading the cracks slide freely in the x-axis  and thus stress 
generated is high which reduces the modulus and if the cracks are at 45 deg the crack sliding is 
reduced and as angle changes from 45 deg to 90 deg the crack faces open in the x-axis and thus 
the shear stress increases. . Thus, we can deduce that a crack oriented at 45 deg to the loading 
patch has the strongest resistance to rigidity modulus change. Considering crack numbers, it is 
directly dependent on the position of cracks. If the cracks are only present in a single line and 
parallel to the loading path like the collinear cracks case, then in such cases if the number of 
cracks increases the rigidity modulus also reduces. But if cracks are arranged in stacks, then 
based on the stress magnification and shielding effects of the crack arrangement the rigidity 
modulus reduction will be high or low.  For inclined cracks shielding and magnification effects of 
parallel and collinear cracks doesn’t work in the same way as straight cracks. The stress 







5.3 – 3D Cracks (Tensile Loading) Results 
 





Where V is the volume of the test body, 𝑙(𝑖) is the radii of circular crack.[21],[22] 
For  the 3D cracks we need more mesh refinement to get  accurate results and  thus an in-depth 










































Single Crack Two Parallel Cracks Two Collinear Cracks
Three Collinear Cracks 3 collinear cracks with 2 on bridges Double Periodic Array of Cracks
Diamond Shaped Array of Cracks Inclined crack (45 deg) Inclined collinear cracks(45 deg)
inclined Parallel Cracks(45 deg) Central and Inclined cracks Array of Inclined Cracks (45 deg)
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Single Crack Two Parallel Cracks Two Collinear cracks
Three Collinear Cracks Three Collinear Cracks (V sizes) 3 collinear cracks with 2on bridges
Double Periodic Array of Cracks Diamond Shaped Array of Cracks Inclined Crack (45 deg)
Inclined Collinear Cracks(45 deg) Inclined Parallel Cracks (45 deg) Central and Inclined Cracks
Array of Inclined Cracks (45 deg)
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Single Crack Single Crack - 15 Deg Single Crack - 30 Deg Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Single Crack Single Crack - 15 Deg Single Crack - 30 Deg Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Crack Size   - 0.05 Crack Size   - 0.1 Crack Size   - 0.15 Crack Size   - 0.2 Crack Size   - 0.25 Crack Size   - 0.3
Crack Size   - 0.35 Crack Size   - 0.4 Crack Size   - 0.45 Crack Size   - 0.5 Crack Size   - 0.55 Crack Size   - 0.6
Crack Size   - 0.65 Crack Size   - 0.7 Crack Size   - 0.75 Crack Size   - 0.8 Crack Size   - 0.85
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Analyzing the Stiffness Change vs Microcrack Density Plot(Fig 5.11):-The loss in stiffness is not 
profound in 3D cases because the cracks are not through the body cracks. The decreasing order of 
stiffness change for different crack arrangements are similar to the 2D tensile loading cases, they 
are  
1) Three collinear cracks  
2) Two collinear cracks  
3) Three Collinear cracks with two cracks over bridges  
4) Single Crack  
5) Two Parallel cracks  
6) Diamond shaped array of cracks  
7) Double Periodic Array of Cracks  
8) Central and inclined cracks  
9) Inclined crack & Inclined collinear cracks  
10) Inclined parallel cracks  
11) Array of inclined cracks 
 
Analyzing Stiffness Change vs Crack Surface Density Plot(Fig 5.12): - This is useful for 
comparing crack arrangements with equal number of cracks. Based on number of cracks they are 
grouped and in each group the models are arranged in increasing order of stiffness. These results 
are similar to the 2D tensile loading cases  
1)One crack arrangement – single crack < inclined crack (45 deg) 
2)Two cracks arrangement –collinear cracks< parallel cracks< Inclined collinear < inclined 
parallel cracks.  
3)Five cracks arrangement –three collinear with two on bridges < central and inclined cracks. 
These results are similar to the Stiffness Change vs Microcrack Density Plot results. 
  
Analyzing inclined cracks using Stiffness change vs Microcrack Density Plot(Fig 5.13) and 
Stiffness change vs Crack Surface Density Plot(Fig 5.14): - The elasticity modulus loss follows a 
decreasing trend  based on the angle of orientation 0>15>30>45>60>90. This is because crack 
opening decreases with increasing angle of orientation and thus the stiffness loss is also reduced. 
Now analyzing inclined cracks using Stiffness Change vs Angle of Orientation plot(Fig 5.15): – 
We can infer that even if the crack size increases, as the angle of orientation changes from 0 deg 
to 90 deg the stiffness reduction is minimized. These results are also similar to the 2D cracks 








































Single Crack Two Parallel Cracks Two Collinear Cracks
Three Collinear Cracks 3 collinear cracks with 2 on bridges Double Periodic Array of Cracks
Diamond Shaped Array of Cracks Inclined Crack (45 deg) Inclined Collinear Cracks (45 deg)

























Single Crack Two Parallel Cracks Two Collinear cracks
Three Collinear Cracks 3 collinear cracks with 2 on bridges Double Periodic Array of Cracks
Diamond Shaped Array of Cracks Inclined Crack (45 deg) Inclined Collinear Cracks (45 deg)


























Single Crack Single Crack - 15 Deg Single Crack - 30 Deg Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Single Crack Single Crack - 15 Deg Single Crack - 30 Deg Single Crack - 45 Deg Single Crack - 60 Deg Single Crack - 75 Deg
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Crack Size   - 0.05 Crack Size   - 0.1 Crack Size   - 0.15 Crack Size   - 0.2 Crack Size   - 0.25
Crack Size   - 0.3 Crack Size   - 0.35 Crack Size   - 0.4 Crack Size   - 0.45 Crack Size   - 0.5
Crack Size   - 0.55 Crack Size   - 0.6 Crack Size   - 0.65 Crack Size   - 0.7 Crack Size   - 0.75
Crack Size   - 0.8 Crack Size   - 0.85 Crack Size   - 0.9 Crack Size   - 0.95
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5.4 - 3D Cracks (Shear Loading) Results 
Analyzing Rigidity Change vs Microcrack Density Plot(Fig 5.16): - The decreasing order of 
rigidity change for different crack arrangements are as follows. These results are similar to the 2D 
cracks shear loading cases. 
1) Three collinear  
2) Collinear cracks 
3) Collinear cracks with two on bridges  
4) Single crack  
5) Parallel cracks  
6) Doubly Periodic Array of Cracks  
7) Diamond shaped array of cracks  
8) Inclined collinear cracks and Inclined cracks  
9) Central and inclined cracks  
10) Inclined parallel cracks  
11) Array of inclined cracks  
 
Analyzing Rigidity Change vs Crack Surface Density Plot(Fig 5.17):– This is useful for 
comparing crack arrangements with equal no of cracks 1 crack –  single crack < inclined crack 2 
cracks – collinear cracks < parallel cracks<Inclined collinear cracks<inclined parallel cracks 5 
cracks – 3 collinear with 2 on bridges < central and inclined cracks These results are similar to the 
Microcrack density plot results. 
 
Analyzing inclined cracks using Rigidity change vs Microcrack Density Plot(Fig 5.18) and 
Rigidity change vs Crack Surface Density Plot(Fig 5.19):- The elasticity modulus loss follows a 
decreasing trend of based on the angle of orientation 0>15>30>60=75>45. It shows that 45 deg is 
most rigid because of equal parity in tensile shear stress acting on it. Now analyzing inclined 
cracks using Rigidity Change vs Angle of Orientation plot(Fig 5.20): – We can infer that even if 
the crack size increases, as the angle of orientation changes from 0 deg to 45 deg the rigidity loss 
is reduced, and then from 45 deg to 90 deg, it increases. These results are also similar to the 2D 




CHAPTER 6 – CONCLUSIONS  & FUTURE WORK 
 6.1 - Conclusions 
We were successful in analyzing  the effect of cracks on the modulus based on their  numbers and 
orientation using FEA. A 2D  FEA model was developed in which we were successful in 
implementing the different  scenarios of crack arrangement. The results obtained will be useful 
for determining the failures of bodies from interaction of multiple cracks This is an improvement 
from the previous cases when most of the research was done theoretically and the cracks 
arrangement  were done randomly. In these cases, it was not possible to evaluate the individual or 
group effect of the cracks which were arranged in a particular order had on the overall modulus.  
            The following results were inferred as part of the research: 
1) The orientation of the crack to the loading path can influence the modulus based on the 
loading type. In tensile loading if a crack is oriented perpendicular(90 deg )to the load 
path then the crack has maximum effect on the young’s modulus and if the crack is 
parallel ( 0 deg) to the load path then it will have no effect. But in Shear loading cases the 
crack has less effect on the rigidity modulus only when it is oriented at 45 deg to the load 
path. 
2) In tensile loading, when multiple cracks are present in a plane  perpendicular to the load 
path e.g.: three collinear cracks, two collinear cracks etc. Then in such cases the modulus 
loses are really high. Also, more the number of cracks in a single plane higher the 
modulus loss. But at an angle 45 deg to 90 even if the crack numbers increase along a 
particular plane the effect of more the number of cracks is not affecting the modulus to 
high extent. This is observed from the case of Inclined Collinear Crack and Inclined 
crack in Tensile loading having the same Stiffness change path in Fig 5.1. 
3) The presence of multiple crack orientations can cause stress magnification or shielding 
effect. An example is the case of Central and Inclined cracks , the inclined cracks provide 
shielding effect to the central crack in tensile loading and shear loading. 
4) When we have an inclined crack in Tensile loading or Shea loading condition the crack 
tips have high and low intensity stress region. In perpendicular orientation crack tips are 
always regions of high stress. 
5) For similar microcrack density always the array arrangement is stronger compared to 
other single, collinear or three cracks’ cases is because the stress is getting distributed 
throughout the body instead of concentrating at certain locations. 
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6.2 Future Work 
We can improve upon this by conducting an Elastic Plastic Fracture Mechanics(EPFM) analysis 
for determining the effective modulus. It will be complicated research, but  it will have wider 
applications since it can be used as representative model for analyzing different ductile and 
organic materials . Also, we can use this FEA model for conducting analysis of cracked body 











1) Central Crack (0.5mm ) 
 
 
2) Parallel Cracks (0.35mm ) 
 





4) Three Collinear Cracks ( 0.3mm ) 
 
5) Three Collinear Cracks(v sizes) (0.25mm,0.3mm,0.3mm ) 
 




7) Doubly Periodic Array of Cracks(0.1mm) 
 
8) Diamond Shaped Array of Cracks (0.1mm) 
 





10) Inclined Collinear Cracks (0.35mm) 
 
11) Inclined Parallel Cracks(0.35mm) 
 





13) Array of Inclined Cracks(0.15mm) 
 











      SHEAR LOADING 
1) Central Crack (0.5mm ) 
 
 
2) Parallel Cracks (0.35mm ) 
 





4) Three Collinear Cracks ( 0.3mm ) 
 
5) Three Collinear Cracks(v sizes) (0.25mm,0.3mm,0.3mm ) 
 






7) Doubly Periodic Array of Cracks(0.1mm) 
 
8) Diamond Shaped Array of Cracks (0.1mm) 
 







10) Inclined Collinear Cracks (0.35mm) 
 
11) Inclined Parallel Cracks(0.35mm) 
 




13) Array of Inclined Cracks(0.15mm) 
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